| >

| > with(plots) :

| > with(Physics[ Vectors]) :

| > Setup(mathematicalnotation = true) :

| >
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IIv "V "V IIv "V "V IIv "V [

v IIv " v

a = Surface((5 + cos(u)) cos(v), (5+ cos{u)) sin(v), sin(u),u,0,2 7,v,0,2 7)

(5 + cos(u)) sin(v)

sin(u)

( (5 + cos(u)) cos(v) ) ‘Z

b= Courbe({S + cos(u)) cos(%) , (5 +cos(u)) sin (%) ,sin(u),u,0,97- 2) -

x = (5 + cos(u)) cos(g)
=  y={(5+cos(u)) sin(g) 0<u<356.55

z = sin(u)

SRR
i
l\)\]\]

00 = pomtplot.?d ([0, 0, 0], symbol = solidcircle, symbolsize=10) :

axX = spacecurve([x,0,0],x=- (4 + 1)..(4 + 1), linestyle=3, thickness =1, color = blue) :

axY = spacecurve([0,y,0],y=-(B+ 1)..(B + 1), linestyle= 3, thickness =1, color = blue) :
H

axZ = spacecurve( [0,0,z],z=- D H + 2, linestyle =3, thickness =2, color=blue) :

ARaxX = arrow([ (A + 1),0,0], [0.5,0, 0], width=0.1, head length =0.3, shape
=cylindrical_arrow, color = blue) :

ARaxY = arrow([0, (B+1),0], [0, 0.5, 0], width=0.1, head length =0.3, shape
=cylindrical_arrow, color = blue) :

ARaxZ = arrow([0,0, (H+ 2)], [0, 0, 0.5], width=0.1, head length =0.3, shape
=cylindrical_arrow, color = blue) :



> X := textplot3d([ (4 + 1.7), 0.0, 0, "x"], color = gold, font = [ arial, bold, 14]) :

> tY := textplot3d([0, (B + 1.7),0,"y"], color = gold, font = [ arial, bold, 141]) :

> tZ = textplot3d([0,0, (H+ 2.7),"z"], color =gold, font= [ arial, bold, 141]) :

> 1O = textplot3d([0 + 0.3,0,-0.3, "O"], color = gold, font = [ arial, bold, 14]) :

> AXONES := display( OO, axX, axY, axZ, ARaxX, ARaxY, ARaxZ, tX, tY, tZ, tO, scaling
= constrained, axes = none, orientation = [ 60, 65, 0], lightmodel = light4) :

ZOVTETOYUEVES TOV KEVTPOL TG Kopmvinc-T'evétepog . (KYKAOX § EAAEIYH)
> a:=35:

> b:=0:

L Hué€oveg g kopmvinc-Tevérepog. (KYKAOX 1§ EAAEIYH)
| > c:=1.5:

;> d=1:

>

| HuéEoveg g kapmting-OAHTOY . (KYKAOE fj EAAET'YH)

[ > a=5:

| > e=4:

>

Kopmoin 6to x0z: [x, 0, 7]
ALOWVOCUOTIKEG TUPUUETPIKES ESICMGELS KUNTOANS
(I'evétepa)

> r_=(a+ccos(u)) i+0 _j+ (b+d-sin(u))-rk )
7= (5.4 1.5cos(u)) i + sin(u) k 1)

> simplify(Norm (diff (1, u)))

J -1.25 cos(u)? + 2.25 Q)
(> €= [ Component(r_, 1), Component(r_, 2), Component(r_, 3) ]
C:=[5.+ L.5cos(u), 0, sin(u) ] 3
;> P := spacecurve(C, u=0..2-P1, color = green, thickness =5, linestyle=1) :

>

1. HEPIXTPO®H 1'YPQ AIIO TON AZONA OZ..
OAHI'OX KYKAOX AKTINAZY a.

HoapapeTpikéc eErovoerg owypapopevng Emeoaverog .

TOPOX




SURF = [C[1]-cos(v), C[1]-sin(v), C[3]]
SURF = [ (5. + 1.5 cos(u)) cos(v), (5. + 1.5 cos(u)) sin(v), sin(u) ]

Pi
SURFACE = plot3d(SURF, u=0.2-Pi,v= 71 .2+ Pi, slyle=suly’acewireframe) :

simplify(subs(v=2-Pi, SURF))
[5. 4+ 1.5 cos(u), 0, sin(u) ]

GENETEIRAI = spacecurve((S), u=0..2-Pi, color =red, thickness =5, linestyle=1) :
simplify(subs (V = P?i, SURF) )
[0,5.+ 1.5 cos(u), sin(u)]
GENETEIRA2 = spacecurve((6), u =0..2-Pi, color = blue, thickness =5, linestyle=1) :
simplify(subs (V = PTi, SURF) )
[3.535533905 + 1.060660172 cos(u), 3.535533905 + 1.060660172 cos(u), sin(u) ]
GENETEIRA3 = spacecurve((7), u =0..2-Pi, color = black, thickness =3, linestyle=1) :

K1 = pointplot3d(|a, ] color = red, symbol = solidcircle, symbolsize=35) :
K2 = pointplot3d([0 ], color = blue, symbol = solidcircle, symbolsize=35) :

Pi
K3 = pointplot.?d( [a cos( j a-sin ( Tl ), 0 |, color = black, symbol = solidcircle,

symbolsize=5

linK1 := spacecurve([a, 0, t-d], t=-1.5..1.5, color = black, thickness =2, linestyle=3) :
linK2 := spacecurve([0, a, t-d], t=-1.5..1.5, color = black, thickness =2, linestyle=3) :

Pi Pi
linK3 = spacecurve( a-cos( 41 j a sm( 1 ) td} t=-1.5..1.5, color =black, thickness

=2, linestyle=13 ) :

Pi Pi
linOK3 = spacecurve( t-a-cos( Tl ), t-a-sin(Tl ), O}, t=0..1.5, color = black, thickness

=2, linestyle=3 j :

ODHGOS := spacecurve([a-cos(v), a-sin(v), 0], v=0..2-Pi, color =black, thickness =2,
linestyle=3) :
P11 := pointplot3d([a + ¢, 0, 0], color = blue, symbol = solidcircle, symbolsize=8) :

- Pi Pi
P2 := pointplot.?d( (a+c) ~cos(71 ), (a +c¢) -sin(jl ), 0|, color = blue, symbol

= solidcircle, symbolsize =8 ) :

, color =red, symbol = solidcircle, symbolsize

i Pi Pi
P3 = pointplot.?d( a-cos(T1 ), a-sin(T1 ), d

(C))

(C))

()

@)



=8 | :

> simplify( expand( (5 + 1.5-Cos(u))2))
2.25 (cos(u) + 3.333333333)2
> SURF := [C[1]-cos(v), C[1]'sin(v), C[3]]

SURF = [ (5. + 1.5 cos(u)) cos(v), (5. + 1.5 cos(u)) sin(v), sin(u) ]

> simplify(subs([u=0,v=0], SURF))
[6.5,0.,0]
o [ Pi
> szmplzﬁ/(subs( u=0,v= e }, SURF) )
_ [4.596194076, 4.596194076, 0]
> simpli]fv(subs( u= %, V= % }, SURF) )

[3.535533905, 3.535533905, 1]

ApOpog lepreriCemv : n

Bipa éakag : § = (

MHKOXOAHI'OY )

n

> n:=9:

> ELIKA = subs (v - % SURF)

ELIKA =
9

MHKOX EAIKAX : sEL .

> sEL = int(sqet( (diff (ELIKA[1], u))* + (diff (ELIKA[2], u))* + (diff (ELIKA[3],u))*), u

=0..n-2-Pi, numeric)

sEL := 78.35739334

(5. + 1.5 cos(u)) cos(ij, (5. + 1.5 cos(u)) sin(%), sin(u)

®

®

(10)

an

(12)

13)

(14)



Zanv Emeavewa ex Heprotpogiis :
7 (u,v) = [ f(n)-cos(v), f(u)-sin(v), g(u)]

- d d e
Kop AT 670 x-Z cuvreteypéve eminedo : r(n) =flu)-i +0-j + glu)-& .

IMeproTpodn] yopom axd Tov alova O .

2

E= 3727 = [t costo). oftud sint), Frgtan | gt cost). gostun sin). gt = [ st costn) )+ gt sintn) | + (et =

At cos(). —sta)sin(v), mgtu) 700 dcos(o) 1. 710) eiflsin), ). 01= |-t costv), ofta sin(v) sgton [ 1w sin). A1) cosiv). 01 =0

u

G= =7 =T = [flw) i cos(v). V).l - sin(v). ). OLLA1u) ciffTcos(v). . A1) flsin). ). 1= (f () )
Mikog Kapmoing 7= ?(u(r), v(f)) mive otyv Emodvewr ek Ieprotpogiig
b
/ d 2 2 d 2 2 4 2
s= —flu + | —glu s —(u(r + u)) | —(v(r dr
V [[duf( )) [dug( J]] (dt( ())) () [dt( (JJ]
14
1

MHKOX EAIKAX ME EF,G .
SURF := [C[1]-cos(v), C[1]-sin(v), C[3]]

SURF = [ (5. + 1.5 cos(u)) cos(v), (5. + 1.5 cos(u) ) sin(v), sin(u) ] (15)
R = S(_J)RF[I]-_i+SURF[2]-_j+S([RF[3]-_k ) )
R:= (5.4 1.5cos(u)) cos(v) i + (5. + 1.5cos(u)) sin(v) j + sin(u) k (16)
E = Subs( u=tv= é , simplify(diff (R_, u) « diff (R_, u) ))
E :=-125 cos()* + 2.25 a7
F = Subs( u=t,v=é], diff (R_, u) -diﬂ(R_,v))
F:=0 (18)
G:= subs( u=tv= é }, simplify(diff (R_, v) « diff (R_, v) ))
G = 2.25 (cos(t) + 3.333333333)2 19
diff (¢, t)
1 (20)
diﬁ‘(é, t)
1
9 @1

diff (4, 1) -diﬂ( é r)



1
9 (22)

> MHLOSELIKAS = int(sqrt[E-(diff(t, D)2 +2- F-diff (1, t)-diﬁ‘(é, z) + G- (diﬁ(é,

2
tj ) j, t=0.9-2-Pi, numericj

MHLOSELIKAS = 78.35739334 (23)

| > ELIKAPLOT := spacecurve( ELIKA, u=0..n-2- Pi, color = blue, thickness =5, linestyle=1) :
> display(AXONES, SURFACE, GENETEIRAI, GENETEIRA2, GENETEIRA3, K1, K2, K3, linK]1,
linK2, linK3, linOK3, ODHGOS, P1, P2, P3, ELIKAPLOT, title
="TOPOX ME I1EPIEAIEH\n2ABBAX I1. TABPIHAIAHY", fitlefont = [ arial, bold, 14])




TOPOX ME IIEPIEAIZH
XABBAX II. TABPIHAIAHX

> ANIM := animate(pointplot3d, | ELIKA, color = red, symbol = solidcircle, symbolsize=10], u =0
_ .n-2-Pi, frames =21, trace=20) :
> display(AXONES, SURFACE, GENETEIRAI, GENETEIRA2, GENETEIRA3, linK1, linK?2, linK3,
linOK3, ODHGOS, K1, K2, K3, ELIKAPLOT, ANIM, title
="ANIMATION\nTOPOX ME ITEPIEAIEH\nXABBAZX I1. TABPIHAIAHX", titlefont
= [arial, bold, 14])




ANIMATION
TOPOX ME IIEPIEAIZH
XABBAX II. TABPIHAIAHX

2. [IEPI®OPA TYPQ AIIO TON AEONA O7.
OAHI'OX EAAEI¥YH : [a-cos(v), e'sin(v), 0]
XPHZH TPIEAPOY FRENET-SERRET
I'TA THN EZQOHXH (EXTRUDE) THY KAMITYAHYX-TENETEIPAY .

[> ODHGOSI = a-cos(v), esin(v), 0
ODHGOS! := 5 cos(v), 4 sin(v), 0 24)




> Student| VectorCalculus || TNBFrame |( (ODHGOSI) )

5sin(v)
J -9 cos(v)? + 25
4 cos(v) , (25)
\/ -9 cos(v)2 + 25
0
B 4 cos(v)
1 3[2
/ (3 cos(v) — 5) (3 cos(v) + 5)° (-9 cos(r)”+ 25) |
. 5 sin(v)
1 3[2
/ (3 cos(v) — 5)* (3 cos(v) + 5)° (-9 cos(r)”+ 25) |
0
0
) 1
2 1
_ (9 cos(r)”—25) / (3 cos(v) — 5) (3 cos(v) + 5)°
> 7= @111+ @S)[1[2]j+ @S1I3]_k A
—7::: ) Ssin(v) i + 4 cos(v) J 26)
\/ -9 cos(v)2+25 \/ -9 cos(v)2+25
=> simplify(Norm (T ) )
1 (27)
> TA = ODHGOSI[1]-_i + ODHGOSI[2]- j + ODHGOSI[3]- k+ T
ﬁ =5 cos(v) — > sin(v) —|—j’ 4sin(v) + 4 cos(v) (28)
J -9 cos(v)? + 25 J -9 cos(v)? + 25
=> simplify(subs(v=0,T )) )
I J (29)
> simplify(subs(v=0,TA4 )) o
i 5i+ (30)
[> N = @9)[2][1]-_i + @S)[2][2]-j + @S)[2][3]_k
]_\7) o 4 cos(v) i 31)

/ 1 (—9cos(v)2—|—25)3l2

(3 cos(v) — 5) (3 cos(v) + 5)°




5 Sin(v)j'
1 2 3]2
-9 + 25
= / (3 cos(v) = 5)* (3 cos(v) + 5)° (=9 cos(v) )
> simplify(Norm(N_))

1

=> NA_:= ODHGOSI[1]- i+ ODHGOSI|[2]- j+ ODHGOSI[3]- k+ N_
. 4 cos(v)

—

2 (3 cos(v) + 5)2

5sin(v)

NA—i[Scos()— I
1 2 312

-9 25

(3 cos(v) —3) ( costv )

1
] (3 cos(v) — 5)* (3 cos(v) + 5)°
> simplify(subs(v=0, N _))

} [4 sin(v) —

-1

> simplify(subs(v=0, NA_))

(-9 cos(v)2+ 25)3I2 J

4i
(> B = (@5)[3][1]_i+ 2S)[3][2]-j+ @[3][3]-_k
Bi=- K
1
9 225
(9 cos(r) )/ (3 cos(v) — 5) (3 cos(v) + 5)°

> simplify(Norm(B_))

1
> BA_ = ODHGOSI[1]-_i + ODHGOSI[2]-_j + ODHGOSI[3]-_k+ B_
k

BA = S5cos(v) i +4sin(v) ) —

(9 cos(v)2—25)/ !

=> simplify(Norm(B_))
1
=> simplify(subs(v=0,B_)) )
k

=> simplify(subs(v=0,BA_)) .

5i+k
> OD := ODHGOSI[1]- i+ ODHGOSI1[2]- j+ ODHGOSI[3] k

OD = 5 cos(v) i + 4sin(v) ]

'NB (KAGETH XTHN KAMITYAH OAHI'O).

(3 cos(v) — 5)% (3 cos(v) + 5)°

I'’ENETEIPA (c,d) XTO XYXTHMA TNB, XTO EIIIITEAO

(32)

(33)

(34)

(35)

(36)

37

(33%)

(39)

(40)

41)

42)



_—

+

rSURF :=

j [4. sin(v) +

5.cos(v) +

> rSURF_ :=0OD_—N_-c-cos(u) +B_-d-sin(u)

6.0 cos(u) cos(v)

1

(3 cos(v) — 5) (3 cos(v) + 5)°

7.5 cos(u) sin(v)

(—9 cos(v)z—l— 25)3I2

1
(3 cos(v) — 5)% (3 cos(v) + 5)*
l.lAcsin(u)

ELIKAI =

(9. cos(v)? — 25.)/

(> X := Component(rSURF , 1)
X :=5.cos(v) +

Y:=4.sin(v) +

7=

1

(3 cos(v) — 5)% (3 cos(v) + 5)*

6.0 cos(u) cos(v)

(-9 cos(v)2 + 25)° 2 ]

1

(3 cos(v) — 5) (3 cos(v) + 5)°
(> Y:= Component(rSURF , 2)

7.5 cos(u) sin(v)

(-9 cos,(v)2+25)3l2

1

(3 cos(v) — 5)* (3 cos(v) + 5)
(> 7= Component(rSURF , 3)

2

1.sin(u)

(—9 cos(v)2 + 25)3 2

(9. cos(v)2 — 25.) /

> evalf (subs(v=0, [X, Y, Z]) )

1

[5. + 1.500000000 cos(u), 0., 1.000000000 sin ()]

> ELIKAI = subs(v= % (X, Y,Z])
u
5. cos| —
COS( 9 )

6.0 cos(u) cos(

5)

(3 cos(v) — 5)? (3 cos(v) + 5)°

1

[ o

u
9

2

-+ oo

o=

)+5)

: (o)

2

+25)

. (u
3/2,4.sm(§)

i+

43)

(44)

45)

(46)

47

(48)



7.5 cos(u) sin(%)

ol b

1. sin(u)

) T e

| > PLELIKAI = spacecurve(ELIKAI, u=0..n-2- Pi, color =blue, thickness =5, linestyle=1) :

> ANIMELIKAI := animate(pointplot3d, | ELIKAI, color = red, symbol = solidcircle, symbolsize
_ =10],u=0..n-2-P1, frames =21, trace=4) :

> ANIMELIKA? := animate(spacecurve, [ ELIKAI, u =0 ..L, color = blue, thickness =35, linestyle
_ =1],L=0.n-2-Pi, frames =21, trace=00) :

> GENETEIRA = spacecurve(evalf (subs(v=0, [X, Y, Z]) ),u=0.2-Pi, color =red, thickness
_ =5, linestyle=1) :
| > TORUS = plot3d([X, Y, Z],u=0.2-Pi,v=0.2-Pi) :
> ANIMTORUS := animate(plot3d, [ [X, Y, Z],u=0.2-Pi,v=0..M, style=surface], M=0..2-Pi,
_ frames =21, trace =0, transparency =0.55) :

> ANIMGEN := animate(spacecurve, | [X, Y, Z], u=0.2-Pi, color = blue, thickness =3, linestyle

=41,v=0.2-Pi, frames =21, trace=4) :
> CENTRE := pointplot3d(|[a, b, 0], color = blue, symbol = solidcircle, symbolsize=5) :
> ODHGOSIA := spacecurve([a-cos(v), e-sin(v), 0], v=0..2-P1, color =black, thickness =2,
linestyle=3) :

>
> plotTA := arrow(subs(v=0, [ODHGOSI[1], ODHGOSI[2], ODHGOSI[3]]), subs(v=0,
[ Component(T , 1), Component(T ,2), Component(T ,3)]), width=0.07, head width
_ =0.2, head length=0.4, length=1, color =red) :
> plotNA = arrow(subs(v=0, [ODHGOSI[1], ODHGOSI1[2], ODHGOSI[3]]), subs(v=0,
[ Component(N_, 1), Component(N_, 2), Component(N_, 3) ), width=0.07, head _width
=0.2, head length=0.4, length=1, color = blue) :
> plotBA := arrow(subs(v=0, [ODHGOSI[1], ODHGOS1[2], ODHGOSI1[3]]), subs(v=0,
[ Component(B_, 1), Component(B_, 2), Component(B_, 3) ), width=0.07, head_width
=0.2, head_length 0.4, length=1, color =green) :

Pi
> plotTAl = arrow(subs(v= 71, [ODHGOSI[1], ODHGOSI[2], ODHGOSI[?)]]), subs(v

Pi
= 71, [ Component (T , 1), Component(T ,2), Component(T ,3) ]), width=0.07,

head width=0.2, head length =0.4, length=1, color = redj :




Pi
> plotNAI = arrow(subs(v= 71, [ODHGOSI[1], ODHGOSI[2], ODHGOS][3]]), subs(v

Pi
2’[

Component(N _, 1), Component(N_, 2), Component(N _, 3) ]), width=0.07,

head width=0.2, head length =0.4, length=1, color = blue) :

Pi
> plotBAl = arrow(subs(vz 71, [ODHGOSI[1], ODHGOSI[2], ODHGOS][3]]), subs(v
Pi
= 71, [ Component(B_, 1), Component(B_, 2), Component(B_, 3) ]), width=0.07,

head width=0.2, head length =0.4, length=1, color = green) :

Pi
> BGENETEIRA = spacecurve(evalf(subs(VZ 71, [X, Y, Z]) ), u=0.2-Pi, color=red,

thickness =35, linestyle=1 j :

Pi
> CENTREGENB := pointplot.?d(subs (v = 71, [ODHGOSI | ) , color = blue, symbol

= solidcircle, symbolsize =5 ) :

> display(AXONES, ODHGOSIA, GENETEIRA, BGENETEIRA, plotTA, plotNA, plotBA, plotTAl,
plotNAI, plotBAl, CENTRE, CENTREGENB, title
= "AEAOMENA TTPOBAHMATOS\nSABBAZ I1. TABPIHAIAHE", fitlefont = [ arial, bold,
14])




AEAOMENA IMTPOBAHMATOX
YABBAX II. TABPIHAIAHX

> animTA = animate(arrow, [ [ ODHGOSI[1], ODHGOSI[2], ODHGOSI[3]],
[ Component(T , 1), Component(T ,2), Component(T ,3) ], width=0.07, head width
_ =0.2, head length=0.4, length=1, color =red],v=0..2-Pi, frames =21, trace=4) :
> animNA = animate(arrow, [ [ ODHGOSI[1], ODHGOSI[2], ODHGOSI[3]],




[ Component(N_, 1), Component(N_, 2), Component(N_, 3) |, width=0.07, head_width
_ =0.2, head length=0.4, length=1, color = blue],v=0.2-Pi, frames =21, trace=4) :
> animBA = animate(arrow, [ [ ODHGOSI[1], ODHGOSI[2], ODHGOSI[3]],
[ Component(B_, 1), Component(B_, 2), Component(B_, 3) |, width=0.07, head width
_ =0.2, head length=0.4, length=1, color = green],v=0..2-Pi, frames =21, trace=4) :
> animFRENET := Student| VectorCalculus || TNBFrame|( {ODHGOS]I), output = animation,
_ range=0..2-Pi, frames=21) :
> display(animTA, animNA, animBA, AXONES, GENETEIRA, plotTA, plotNA, plotBA,
ANIMELIKAI, ANIMELIKA2, ANIMTORUS, ANIMGEN, CENTRE, ODHGOS1A, title
="ANIMATION\nTOPOX ME T1EPIEAIEH\nXABBAX I1. TABPIHAIAHX", fitlefont
= [arial, bold, 14 ], scaling = constrained)




ANIMATION
TOPOX ME IIEPIEAIZH
XABBAX II. TABPIHAIAHX

| MHKOZ EAIKAY : sELLI .

> ELIKAI = subs(vz % (X, Y, Z])




ELIKAI = |5. Cos(

o=
Ne—

_|_

J ) o)y

7.5 cos(u) sin ( % )

/ (3005(%)5)21(3005(%)+5)2 (’9"05(%) +25

1. sin(u)

) ST T

(> SELI = int(sqet ( (diff (ELIKAI[1],u))* + (diff (ELIKAI[2], u))* + (diff (ELIKAI[3],
u) )2 ), u=0..n-2-Pi, numeric)
SELI = 77.21444784

+

MHKOX EAIKAX ME EF.G .
F#£0 !!!
> SURFI = [X, Y, Z]
SURFI = |5. cos(v) + 6.0 cos(u) cos(v)

T 2
(3 cos(v) — 5)% (3 cos(v) + 5)

7.5 cos(u) sin(v)

2 (—9 cos(v)2 + 25)3

4.sin(v) +

I ? 12
-9 25
/ (3 cos(v) = 5)* (3 cos(v) + 5)° e
] 1. sin(u)
1
9. 225,
(9. cos(v )/ (3 cos(v) = 5)* (3 cos(v) +5)*

(> RI_:= SURFI[1]-_i + SURFI[2]-_j + SURFI[3]-_k

49)

(30)

(1



—

RI = [5. cos(v) + 6.0 cos(u) cos(v)

/ ! (-9 cos(v)? +25)°
(3 cos(v) — 5)* (3 cos(v) + 5)°

P+

[2

7.5 cos(u) sin(v)

1 5 32
-9 + 25
/(3cos(v)—5)2(3cos(v)+5)2 (=9 cos(v) ) ]
1. k sin(u)

j [4. sin(v) +

1

9 225,
(9. cos(r)” ~ 25 (3 cos(v) = 5)* (3 cos(v) +5)*

\

> El = subs( u=tv= é }, simplify(diff (R1_, u) « diff (RI u))) :
> Fl:= Subs( u=t,v=é}, diff (R1 , u) -diﬁ’(R]_,v)j :
> Gl = subs( u=tv= é }, simplify(diff (R1_, v) « diff (RI_, v))) :

> diff (1, 1)
1

> ﬁﬁ(éyq

> diff (1, t)-diﬁ‘(é, t)

> MHLOSELIKASI = int(sqrt[E]-(diﬂ(t, )+ 2- FI-diff (1, t)-diﬁ‘(é, z) +GI

2
t
. (diff(;, tj ) ], t=0.9-2-Pq, numeric]
MHLOSELIKAS] = 77.21447259

Onwg avapevovray :

>

HEPI
I'EQAAIXIAKQN .

(32)

(33)

(54)

(35)

(36)



Eow M na xavovikr) emgdvenr tov R?. M wapumidn v :— M
(e mapapérpnon katd prikos tékov) oty M ovopdletm yewdaionakr) (geodesic) edv

1 EPATTONEVIKY) TUMO TGO TS Belitepns mapayaiyov 4(t) pundeviletm, dnAadn wyve

F(t)r =0 yma kdfle t € 1.

/ ~
Eiéyyoops gdv n mopapstporoinen e Iepotpepopevic Kopmvine yivetol o mpog Pvown) mapapetpo (Kopmoin Movadwios Toyotnyreg) .
d =
Norm| —r | =1.
[ du ]
Ymapys1 ovomapopETPIGT] TOU VU IKOVOTO1EL TNV G GV axaitnen .
Hopaderype : Eoto KIKLOC 6TO GUVTETAYNEVD ETITESD XZ OKTIVOS p &
. . ] - T . e . d -
Mio mopapétpnon sivor: r = p-cos(¢)-i + p-sin()- & ==—,-‘\fanu[ Ty rl=p+1
. . . . d —)
H overapopstpron 7id va gival .-‘\ron.u[ H r | =1:
&
4
5 s . g g = d =
5= ,‘\-arm[—r | dé=p-bd=tp=—= r = p-(‘os[— | i+ p-siu[— |-k . ,-‘\-'arm[—_r | =1.
0 4 P P p ) ds )
. oy

AKOAOYOONTAY TA BHMATA THE GEQPIAY :
TPA@OYME THN AIANYEZMATIKH AKTINA THE KAMIIYAHZ £TO XQPO : Ta)’ = (x(0).5(0).2(0)). Egum Xpévog .

3 3 R o .
YIIOAOITZOYME (IIPQ2TA) TO MHKOE TOY TOEZOY sOM: s:=iut(‘/ (a'(8))" + (»(8))" + ((0))", 9,', (mow eiver guvapman e meponitpor 6. ). Equm Xpoveg t.

-1 -1 -1 1 -1 -1
_— 1o suivoona TF [ &, v de\ _[(as )\ asyTas\ N _ _rds (do ] [ds ( do ds (do\| "' _(ds ) (ax)
oo naiosive 1 - (41 81 ) =((2) () () )< ()] [ (9] [ (2] = 1h%) (5

N 3 y
[ %J . [ %J s [ %J . [ %)P oto onpeio M(x.y.z) . (Kavovag Alvoidag otny nopaycyien ) .
|d_§‘ . s
-1 e
Axtiva kepmoiomntes R ,oto onpeio M(x,y,z) (Kavoveg Alveidog oty mapaydyien ): dis?:%¢ =dd—e? [%] =}i?=‘5—a ?‘= d; =R= (_{1‘8? .
e
Kopmolotnte K , 6to Eqpeio M(x.y.z) : K=1/R
. S - . > d > d 2 (a7t
KaBero Movadiaio sravvope NM , 610 Enpeio M(x.y.z) : VW =R-— T =R a0 T[ﬁl
3 A e @ :
Movadioio Siavocpe: BM=B=T xN
. 1l 5_d > d = d
T ﬂm:‘-}z(_ ==7. L =-7. =
o YTar T ds (lfs (lrs
= N 2 - > 2 - > N 2 = \2 - 2 NS =
Em‘r&'x_uvm1::=i?=i[ -Ls -4 §- +L5-LT= d s-.’n""+is-{L -Ls -4 §- [L -L-N= d 5 +K[Ls\ -N
dr dt dr ) g# dr dr af dr ds ™ dr | gp dr /| R Ta der )
2 2 2 [2
= VR > N A d d d [ 2
Emrayuven :T{=Ls-T+K[is\ -N a3=aT-T+ ay-N o:ll:ou:aT=—s=—|?| Kot ﬂ?\,=K[—sJ =K- |T)‘\2,a = | ‘a‘ —a
ar dr’) ! af~  dr ! dr N

M kopmoin a: I — M mc emepdvelog M ovopdletol YE@OAI61aKY 0V 1)
EMTAYVVOT TNG elval KABETN 6TV emMAveld 6 KAOe onpeio TG dnAcon
a'(r) e TQLU)AM. Na oeryfet 011 g P emPAveLd EK TEPIGTPOPNS KAOE

e UPpvog eivar YemOU1o10KY).




Av o kopmdin etvar yewoaicioxn,
\t01e Eyer oT00epo UETPO TOYDTNTAC KOT YEMOOIGIOKY] KOUTOAOTNTA HNOEV.

Evag mopaIanAog etval Yemoo1G1oK) oV avTicTotyel 6g anpeio g
YEVETEIPOS TOL VTN £YEL EPOTTOUEVY] TAPAAANAN TPOS TOV AEOVA TEPIGTPOPTS.

-
YEOAaoaK)

['em0ec10KES EMPAVELNG EK TEPIGTPOPNS

Epappoyn tav Aagopikav eSichoznv Euler-Lagrange
d (98
| —r|-—L=0:
dr [ on J
a v @

AJIAPOPIKEZ EEIZQ2EIZ TEQAAILJAKQN :

d * . ] "‘2 . # -
—\|E-u+F-v|=—|E, -u +2F, - u-v+G_v
dt 2

-2 L ] L ]
;— E -u +2F -u-v+G v

HTENETEIPA EINAI TEQAAIXIAKH ?




Mo kopumoin o [ — M e emedvelng M ovoudletol YE@OUIGLOKN OV 1)
EMTAYLVGT NG elval KAOeT 6TV empdvela e kAOe onpeio TG onAcon

a'(t) e TQLWM. No derybel 011 e P eMPAVELD EK TEPIGTPOPNS KAOe

e UPpvog stvat yemOo1G10KY.

"EINITAXYNEZH" MEZHMBPINON . (v = const)

To kdbeto dravvopa T Kapmoing (Meoypppivov) oe kabe onpsio mg,
gival Zoyypap ko pe to kabeto cdvoopa e Emeavelus 6to cuoyKeEKpIUEVO GNIETD .

ATIOAEI=EH

> C := [Component(r_, 1), Component(r_, 2), Component(r_, 3) ]
C:=[5.+15cos(u),0,sin(u)] (57)

> Cl = simpliﬁz(subs(v= %i, [C[1]-cos(v), C[1]-sin(v), C[3]]))
CIl :=[0,5. 4+ 1.5 cos(u), sin(u) ] (58)

> FRENET := Student| VectorCalculus || TNBFrame|((CI) ) :
Pi
> kathetosCl_:= simplifj/(subs(u = 71, FRENET[2][1]-_i + FRENET[2][2]-_J

+ FRENET[2][3]-_k) )

I kathetosCl == -1. k (59)
> simplify(Norm (kathetosC1 ), symbolic)
i . (60)
(> SURF := [C[1]-cos(v), C[1]-sin(v), C[3]]
i SURF := [ (5. + 1.5 cos(u)) cos(v), (5. + 1.5 cos(u) ) sin(v), sin(u) ] (61)
> R_:= SURF[1]-_i + SURF[2]-_j + SURF[3]-_k A A
i R:= (5.4 1.5cos(u)) cos(v) i + (5. + 1.5cos(u)) sin(v) j + sin(u) k (62)
> NS = simplijfj/(subs( u= %i, V= % Sdiff (R, u) xdiff (R_,v) ) j
I NS =-7.5k (63)
(> Norm(NS._)
i 7.500000000 (64)
_> NS

Norm (NS )

~1.000000000 k (65)




NS
> —————— X kathetosCI
Norm (NS ) X Katnetost

i H EAIKA EINAI I'EQAATATAKH ??? OXI.
> Rel = ELIKA[1]- i+ ELIKA[2]-_j + ELIKA[3]-_k

Rel= (5. + 1.5 cos(u)) cos(%) i + (5.4 1.5 cos(u)) sin(%)} + sin(u) k
Pi diff (Rel , u$2)
9° Norm(diff (Rel_, u$2)) )j )
epitaxEL == -0.9686814483 i — 0.1121069214 j — 0.2233848867 k

> epitaxEL = Simpliﬁ/(subs(u =

Pi
. P9 NS
> kathetosEPIF := simplify| subs| |u = 0" 9 | simplify(Norm(NS_) )

kathetosEPIF :==-1. k

(> (68) x (69) A A
0.1121069214 i — 0.9686814483 ;

>

(66)

(67)

(68)

(69)

(70)



