AwtAo Exkpepéc 1 Mnyovi Xdovg .
"ECT® To duTh0 EKKPENES TOV GYNHUTOS , € Vo fubpovs ehevbepics .

Emi.£yovpe g YEVIKEDNEVES GUVTETUYHEVES 5 AVESAPTI|TES NETAED TOVS , Tig Yovies 9., 9,

. . or . d d

K1 ©OF VEVIKEVIEVES TayOTNTES , AVESAPTNTES HETEZY TOLG TIg - — 9, (1) . % 9,(1)
Egappolovpe nebodovg Avvopknc kata LAGRANGE .

H smiiven Tov évo (2) Awwgopikeav ESicoesav mov mpokimTovy yivetar Apifuntika .

H gnzikovien -Animation wov mrapaBerovps deiyvel Tov X dOTIKO UPOKTIpa TN KIVI|ONS .



DoublePendulum
YABBAL II. TABPIHAIAHE
E |

2

Agdopéva -Exkpepéc otqv I'H , g=9.81m-s- :
-2
Aegdopévol -Exkpepéc oty EEAHNH , g=1.62m s

-2

AeSopéva -Exkpepéc otov AIA , g=24.79ms
,

Aedopéva -Exkpepic 6to KENO, g=[ll.[l[)m-s_ :

I[1]=5(m) :I[2] = 3(m) :
m[l] = 4(kg) :m[2] = 1(kg): Yo

—10 -




Animation DoublePendulum XTH Yk AHNH
TABBAY II.TABPIHAIAHE
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Animation DoublePendulum X*TH XEAHNH
TABBAYX II.TABPIHAIAHE




Animation DoublePendulum XTH *EAHNH
YABBAY II.TABPIHAIAHY
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AYNAMIKH KATA LAGRANGE
Biiotosig Lagrange

a4 [ i I.] LN L=0,i=1,2..n =AE (Mogopwéc ESohosc Kivnong )

dr | dg; aq;

Omovu:

L(q.q.1)=T(q.4.1) — V(g.1]

H Aayxpaliovn tov ZvoThuotos Kot

T := KwmnukrEvépysie Tov ZuoThipoetos og mpog Emisyusve Adpovaioxd TooTuo Avapopds
V= Auvornkr EvEpysia Tov Tuothuatoc g tpog Emisyudve Adpovarokd Tootnuo Avooopds
g; 1=1 2. n, Tevikeuuéveg TuvieToyueveg Aveldprnrec Metalld toug

g; 1=1,2.n, Fevikevpéveg Toyotnreg Aveldptmreg Metal Tovg

Evpeon tov BabBpov Elevbepioc (BE) Emiredov Myjovicpov .
To o tov Babuav Elsvbepiog (BE) evog Emmédou Mipyoiouot vrodoyileton ne ) fonfaia

¢ E&icwong Kutzbach :
F=3:-(n—1) — Z*fl —f;_
omow:

F=mnArifog (BE) tov unyovicpon
n=mAffoc ushov (mepthoufiveto ko v facr )
J| = mAtfog cuvbeozav mov Sreétovy 1-BE

[+ = mhnfoc ouvdgosay mov dabitovy 2-BE

F i

TUAAONGTRY : Amd To cuvolwd mhnBog BE Tov pnyovionot soypdpovron o1 Asgpsvpévor BE

;> with(plots) :

> with(Physics[ Vectors])

[&x, "+, ., ChangeBasis, ChangeCoordinates, Component, Curl, DirectionalDiff, Divergence,
Gradient, Identify, Laplacian N, Norm, ParametrizeCurve, ParametrizeSurface,

ParametrizeVolume, Setup, diff, int]

> Setup(mathematicalnotation = true)
[ mathematicalnotation = true |

| > unprotect(x, y)
>

>

@

()]



-2
Aedopéva -Exkpepéc onqvI’H, g=9.81m s

Aedopéva -Exkkpepéc oty LEAHNH , g=1.62m s
-2
Aedopéva -Exkpepés otov AIA , g=24.79m - s
-2
Aedopéva -Exkpepés 6to KENO , g=0.00m - s

(> g:=1.62:1[1] :=5:1[2] =3 :m[1] == 4 :m[2] == 1:
>
> x[1]:={[1]-sin(9[1](¢))

x, =35 sin(Sl(t)>

> x[2] = x[1]+ [2]'sin(9[2](¢))

x, =5 sin({}l(t)) +3 sin({}z(t))

> y[1]=-I[1]-cos(I[1](7))
Y, =-5 cos(%l(t))

R_[l],t)d q
v =5 (E al(z)j cos(9, (1)) i +5 (E 31(”) sin(9,(1)) J

(> 4= simplify(v_[1]v_[1])

%m[l]-A

> v [2]:=diff (R _[2],¢1)
32 = (5 (% 81(1‘)) cos(Sl(t)) +3 (E 82(1‘)) cos(Sz(t))) i+ (5 (%

91(t)) sin(9,(1)) + 3 (E sz(z)) sin(&z(t))j}

> R [2]=x[2]_i+y[2] ) . ’
R, = (5sin(9 (1)) +3sin(9,(1))) i + (=5 cos(9 (1)) =3 cos(9,(1)))J
(> v [1] = diff(

(©))

(C))

(C))
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> B := combine(v_[2]-v_[2], trg)
d ? d d d ?
B:=9 (E sz(z)j +30 (E sz(z)) (E sl(z)j cos( =9, (1) + 9,()) + 25 (E sl(z)) (13)
> T[2] = %~m[2]'B
d 2
9 — 9.(1)
dr 2 d d
T, = ( tz ) +15 (E 92(0) (E Sl(t)) cos( =9,(#) + 9, (1)) (14)
d 2
25 (E Sl(t)j
> Ul1]:=m[1]gy[1]
U, ==-32.40 cos(%l(t)> (15)
> U[2]:=m[2]g¥[2]
U, =-8.10 cos(Sl(t)) — 4.86 cos(%z(t)) (16)

> L= simplify(T[1] + T[2] — U[1] - U[2])
d d 2
125 (E Sl(t)) 9 (E SZ(Z‘))
L= > - 5

+ 81(t)) + 40.50 cos< 81(1‘)) + 4.86 cos(Sz(t))

+15 (% 82(t)) (i 91(t)) cos( - 9,(1) 17)

>
E'j: (ml + m:] 8),;: ﬁ_ﬂ_f E'_q,: i,
L= cns(ﬁ), — 8_,_,} 81;83‘ lylamy + 2 + 2 + (33 (ml + m:] C{JS(E’;} +1, cos(ﬁ?} ‘1”2:1 g

>

> odel = simplify(diff (diff (L, diff (S[11(2), 1)), 1) — diff (L. 911(1))) =0

2 2
odel = 125. % Sl(t) + 15.00000000 [(Cil_fz 92(t)J COS( -\92(t) + SI(t)> (18)
d 2
+ 15.00000000 (E Sz(t)) sin( -92(1) + 91(1‘)) + 40.50 Sin({}l(t)) =0
> ode2 = simplifi(diff (diff (L. diff (9[21(1), 1)), £) — diff (L, 9[2](1))) =0
2 2

d d d
ode2 == 9. 7 9, () + 15.00000000 [? 81(t)j cos( ~9,(1) + 9, (1)) = 15.00000000 (E (19)

0

2
Sl(t)) sin( =9, (1) + 9, (1)) + 4.86 sin(8,(1))

\%




gsin(9,(1)) + 1, [:;_ e},mUJ [=0

EL; =~ [ [% SFU)J 15y cos(ﬁj(r) — SF(r)) + [% S_ﬂ_(r]]‘ 15y sin(SJ,[i'] - Sf(r)) + (”’1 + m:)

ELy = l,m, [—[%8;({]]:.’; sin(ﬁl,(r] —83({)) —+ [:_(_:38“({]] I cos(SJ[r) - Sg(r]) + [:_(_:1 8;[{)][’:\._" sin(ﬁ:,(r))g]=[]
>
. Pi Pi Pi
> dfes = 9[1](0) = == D(9[1])(0) = ==, 9[2](0) = == D(9[2])(0) =
-Pi
ics =9 (0) =§,D(3 )(0) =29 .D(9,)(0 0)
(> sol = dsolve({odel, ode2, ics}, numeric, output = listprocedure)

sol = [tzproc( ) ... end proc, 81( ) =proc(?) ... end proc, % 8]( ) =proc(¢) ... end proc, (21)

d
9. () =proc(¢) ... end proc, — 32(1) =proc(¢) ... end proc

2 dt
>
> 50l(0)
[t(O) =0.,9,(7) (0) =0.448798950512828, (% 9,(7) ) (0) =1.57079632679490, 9, (1) (0) (22)

d
=0.785398163397448, (E 82(t) ) (0)= —3.14159265358979}

>
>
>
©EZEIZ MAZON My, M, AITTAOY EKKPEMOYZX

>
> x[1]

5 sin(Sl(t)) (23)
:> X[1] = subs(9[1](¢) =rhs(sol[2]) (), x[1]) :
> y[1]

-5 cos(Sl(t)) (24)
:> Y[1] := subs(9[1](t) =rhs(sol[2])(t),y[1]) :
> x[2]

SSin(Sl(t)) +3sin(82(t)) (25)

=> X[2] :==subs([9[1](t) =rhs(sol[2])(t), 9[2](t) =rhs(sol[4])(t)],x[2]) :

> y[2]
-5 cos(\‘}l(t)) -3 cos({}z(t)) (26)




>
>

>
> Component(v_[1],1)

)

> Component(v_[1],2)

5

> Component(v_[2], 1)

ds
> Component(v_[2],2)

=rhs(sol[4]) (1), %

>

> XVI10 = evalf(subs( [8[1](0

Component(v_[1], 1) j j

> XV1 = Subs([{}[l](t) =rhs(sol[2]) (1),

> YV = subs([%[l](t) =rhs(sol[2]) (¢), % Sl(t) =rhs(sol[3]) ()

=rhs(sol[4]) (1), d 92(t) =rhs(sol[5]) ()

82(t) =rhs(sol[5])(¢)

> Y[2]:=subs([9[1](¢) =rhs(sol[2])(t), O[2](t) =rhs(sol[4])(t)],¥[2]) :

TAXYTHTEZ MAZQN m, m,, AITTAOY EKKPEMOYZX

Sl(t) =rhs(sol[3]) (1)

, Component(v_[1],

&|e

d

> XV2:= subs([&[l](t) =rhs(sol[2])(t), - 91(t) =rhs(sol[3]) (1), 9[2](¢)

dt

, Component(v_[2], 1)) :

d

> YV2 = Subs([{}[l](t) =rhs(sol[2])(t), — 9,(t) =rhs(sol[3]) (1), 8[2](¢)

de 1

, Component(v_[2], 2)) :

APXIKEXZ TAXYTHTEEX MAZQN m, m,, AIIIAOY EKKPEMOYZ

=rhs(sol[2])(0), % Sl(t) =rhs(sol[3])(0)},

XV10 :=7.07619294126940

, Component(v_[1],

@7

(28)

(29)

(30)

(€2Y



> YVI0 = evalf(subs([%[l](t) =rhs(sol[2])(0), % Sl(t) =rhs(sol[3])(0) |,

Component(v_[1],2) ) )
YV10 = 3.40771491817158 32)

> XV20 = evalf(subs([&[l](t) =rhs(sol[2])(0), % Sl(t) =rhs(sol[3])(0), 8]2](¢)

=rhs(sol[4])(0), % Sz(t) =rhs(sol[5])(0) |, Component(v_[2], 1)) )

i XV20 := 0.411868533905068 33)
> YV20 := evalf(subs([é}[l](t) =rhs(sol[2])(0), % Sl(t) =rhs(sol[3])(0), 8[2](¢)
=rhs(sol[4])(0), % 82(1‘) =rhs(sol[5])(0) |, Component(v_[2], 2)) )
i YV20 := —3.25660948919275 34)
>
| >
>
>
1. AYEEIZTTA: 9 (1),9 (1) .
>

> plot(rhs(sol[Z]) (1), t=0..50, scaling = unconstrained, labels = [t(sec), SI(rad) ], labelfont
Pi
= [arial, bold, 12, tickmarks = [default, Spacing( 71 ) }, title="XYNAPTHZH 9{1](t)",

titlefont = [ arial, bold, 14 ], gridlines)




TYNAPTHZH 9[1](t)

9 (rad) /

0 20 30 40 50
t(sec)

> plot(rhs(sol[4 1) (), t=0..50, scaling = unconstrained, labels = [t( sec), 9, (rad) ], labelfont

= [arial, bold, 12, tickmarks = , title="XYNAPTHXH 9{2](t)",

Pi
default, spacing( Tl )

titlefont = [ arial, bold, 14 ], gridlines)




TYNAPTHZH 9[2](t)
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2. AYZEIZ TTA TPOXIEYX MAZQN: my, m, :

5 ¢
AAAATEL XTIZ APXIKEL YYNOHKEXL
Pi

ics = 3[1](0) = -~ D(3[1])(0) =%,9[2][0] =%,

ies == 91](0) =%,D{9[1]}{"} =%,9[2]{ﬂ} =%

>
2a. TPOXIA MAZAX m,

> plot([X[1], Y[1],t=0.50], color = blue, thickness =1, labels = [x[m], y[ m]], labelfont
= [arial, bold, 141, gridlines, title ="TPOXIA nalog m[1]", titlefont = [arial, bold, 14])




TPOXIA pélog m[1]

2b . TPOXIA MAZAX m,

(> BTROXIA = plot([X[2], Y[2],t=0..50], color =red, thickness =1, labels = [x[m], y[ m]],
labelfont = [ arial, bold, 14, gridlines, title="TPOXIA palog m[2]", titlefont = [ arial, bold,
| 14]) :
> display(BTROXIA)




TPOXIA pélog m|2]
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3. AYZEIZTTA TAXYTHTEX MAZQN: ml , mz :

AAAATEXZ ETIZ APXIKEL LTYNOHKEX

v "V I

3a. TAXYTHTA MAZAX m

> plot([XV1, YV1, t=0..50], color = blue, thickness =1, labels = | x, y], labelfont = | arial, bold,
14, gridlines, title="TAXYTHTA pwalog m[1]", titlefont = [ arial, bold, 14 1)

ies = 9[1](0) =2, D(9[1])(0) = 21, 92](0) = 2, D(9[2]) (0) =-
ies = 9[1](0) =2, D(9[1])(0) = 21, 9[2](0) = =, D(9[2])(0) =




TAXYTHTA paog m[1]

"V [

3b . TAXYTHTA MAZAZX m,

> plot([XV2, YV2,t=0..50], color = blue, thickness =1, labels = [x, y], labelfont = [ arial, bold,
14, gridlines, title="TAXYTHTA palog m[2]", titlefont = [ arial, bold, 141])




TAXYTHTA paog m|2]

e
»Ze

{

>
=> with(FileTools)
[AbsolutePath, AtEndOfFile, Basename, Binary, CanonicalPath, Compressed, Copy, Exists, 35

Extension, Filename, Flush, Hash, IsDirectory, IsExecutable, IsLink, IsLockable, IsOpen,
IsReadable, IsWritable, JoinPath, ListDirectory, Lock, MakeDirectory, ModificationTime,
ParentDirectory, Position, Remove, RemoveDirectory, Rename, Size, SplitPath, Status,

TemporaryDirectory, TemporaryFile, TemporaryFilename, Text, Unlock, Walk|

| > SABBAS = JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES", "BIOTOPOS jpg"]) :

| > SPG := ColorTools:-Color("RGB", [218/255, 223 /255, 225/255]) :

:> SABBASI = JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES", "EFORMHSH.jpg"]) :
;> SABBAS?2 := JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES", "STYLITES.jpg"]) :

| > SABBAS3 := JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES", "KOGXYLIA jpg"]) :

> SABBAS4 := JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES",
"kosk38-PYRGOS-SYROMENOS jpg"]) :

> SABBASS = JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES", "FTELIES-3.jpg"])
SABBASS := "C:\SPGABRIHLIDHS\IMAGES\FTELIES-3.jpg" 36)

>




ANIMATROXIA := animate(plot, [ [X[1], Y[1], t=0..S], color = blue, thickness=1], S=0
.50, frames =140) :

ANIMBTROXIA := animate(plot, [ [X[2], Y[2],¢=0..S], color =red, thickness=1],5=0..50,
frames=140) :

Opoint := pointplot( [0, 0], color = black, symbol = solidcircle, symbolsize=15) :

Apoint := animate(pointplot, [ [X[1], Y[1]], color = blue, symbol = solidcircle, symbolsize
=30],¢=0..50, frames =140) :

OAline == animate(plot, [ [M-X[1], A-Y[1], A=0..1], color = blue, thickness=3 ], t=0..50,
frames =140) :

Bpoint := animate(pointplot, [ [X[2], Y[2]], color =red, symbol= solidcircle, symbolsize=30],
t=0..50, frames =140) :

ABline = animate(plot, [ [X[1]+ A-(X[2]- X[1]), Y[1]+ A-(Y[2]- Y[1]),A=0..1], color
= red, thickness=3 ], t=0..50, frames =140) :

Aarrow = animate(arrow, [ (X[1], Y[1]), 0.5-(XV1, YVI), color = blue, width=0.1,
head length=0.6],¢=0..50, frames=140) :

Barrow = animate(arrow, [ (X[2], Y[2]), 0.5-(XV2, YV2), color =red, width=0.1,
head length=0.6],¢=0..50, frames=140) :

display(ANIMATROXIA, ANIMBTROXIA, Opoint, Apoint, OAline, Bpoint, ABline, Aarrow,
Barrow, labels = [x[ m], y[m]], labelfont = | arial, bold, 14, title
="Animation DoublePendulum XTH XEAHNH\nXABBAX I1. TABPIHAIAHX", titlefont
= [arial, bold, 14, gridlines, background = SABBASS, scaling = constrained)



Animation DoublePendulum XTH XEAHNH

YABBAX II. TABPIHAIAHX
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> display(ANIMATROXIA, ANIMBTROXIA, Opoint, Apoint, OAline, Bpoint, ABline, Aarrow,
Barrow, labels = [x[ m], y[m]], labelfont = | arial, bold, 14, title
="Animation DoublePendulum £XTH XEAHNH\nXABBAZX I1. TABPIHAIARY", titlefont
= [arial, bold, 14, gridlines, background = SPG, scaling = constrained)




Animation DoublePendulum XTH XEAHNH
YABBAX I1. TABPIHAIAHX




