AwtAo Exkpepég  Mnyavi) Xaovg.
"ECT® 10 duTh0 EKKPENES TOV GYINUTOS , pE Vo fabpovg ehevbepios .
Emi.éyovpe g YEVIKEDHEVES CUVTETUYPEVES , GVESAPTITES PeTALD TOVS , TS Yovieg 9, 8,
KU1 OF YEVIKEVLEVES TUYVTITES , OVESAPTNTES PETAZY TOVS TIS ¢ a 9, (1), %

9,(1)

Eguppolovpe neBodovg Avvopkic kata LAGRANGE .
H smidven Tov évo (2) Awwgopikav ESicaezav mov mpokimtovy yivetor ApiBpuntika .
H egnzawkovien -Animation wov wrapaberovpe detyvel Tov X 00TIKO YUPUKTI PO TN)S KIVI|ON|S .



DoublePendulum
YABBAL II. TABPIHAIAHE
E |

2

Agdopéva -Exkpepéc otqv I'H , g=9.81m-s- :
-2
Aegdopévol -Exkpepéc oty EEAHNH , g=1.62m s

-2

AeSopéva -Exkpepéc otov AIA , g=24.79ms
,

Aedopéva -Exkpepic 6to KENO, g=[ll.[l[)m-s_ :

I[1]=5(m) :I[2] = 3(m) :
m[l] = 4(kg) :m[2] = 1(kg): Yo

—10 -




Animation DoublePendulum
TABBAYX II.TABPIHAIAHE




AYNAMIKH KATA LAGRANGE
Biiotosig Lagrange

a4 [ i I.] LN L=0,i=1,2..n =AE (Mogopwéc ESohosc Kivnong )
dr | dg; aq;

Omovu:

L(q.q.1)=T(q.4.1) — V(g.1]

H Aayxpaliovn tov ZvoThuotos Kot

T := KwmnukrEvépysie Tov ZuoThipoetos og mpog Emisyusve Adpovaioxd TooTuo Avapopds
V= Auvornkr EvEpysia Tov Tuothuatoc g tpog Emisyudve Adpovarokd Tootnuo Avooopds
g; 1=1 2. n, Tevikeuuéveg TuvieToyueveg Aveldprnrec Metalld toug

g; 1=1,2.n, Fevikevpéveg Toyotnreg Aveldptmreg Metal Tovg

Evpeon tov BabBpov Elevbepioc (BE) Emiredov Myjovicpov .
To o tov Babuav Elsvbepiog (BE) evog Emmédou Mipyoiouot vrodoyileton ne ) fonfaia
¢ E&icwong Kutzbach :

F=3:-(n—1) — Z*fl —f;_

omow:

F=mnArifog (BE) tov unyovicpon

n=mAffoc ushov (mepthoufiveto ko v facr )
J| = mAtfog cuvbeozav mov Sreétovy 1-BE

[+ = mhnfoc ouvdgosay mov dabitovy 2-BE

F i

TUAAONGTRY : Amd To cuvolwd mhnBog BE Tov pnyovionot soypdpovron o1 Asgpsvpévor BE

| >
| >
>

with(plots)
[ animate, animate3d, animatecurve, arrow, changecoords, complexplot, complexplot3d, conformal,

conformal3d, contourplot, contourplot3d, coordplot, coordplot3d, densityplot, display,
dualaxisplot, fieldplot, fieldplot3d, gradplot, gradplot3d, implicitplot, implicitplot3d, inequal,
interactive, interactiveparams, intersectplot, listcontplot, listcontplot3d, listdensityplot, listplot,
listplot3d, loglogplot, logplot, matrixplot, multiple, odeplot, pareto, plotcompare, pointplot,
pointplot3d, polarplot, polygonplot, polygonplot3d, polyhedra_supported, polyhedraplot,
rootlocus, semilogplot, setcolors, setoptions, setoptions3d, shadebetween, spacecurve,

sparsematrixplot, surfdata, textplot, textplot3d, tubeplot |

> with (Physics| Vectors])
[&x, "+, ., ChangeBasis, ChangeCoordinates, Component, Curl, DirectionalDiff, Divergence,

Gradient, Identify, Laplacian N, Norm, ParametrizeCurve, ParametrizeSurface,

ParametrizeVolume, Setup, diff, int]

> Setup(mathematicalnotation = true)

[ mathematicalnotation = true |

0y

()]

(&)



> unprotect(x, y)
>
>

-2
Aedopéva -Exkpepéc onqvI’H, g=9.81m s

Aedopéva -Exkkpepéc oty LEAHNH , g=1.62m s ]
-2

Aedopéva -Exkpepés otov AIA , g=24.79m - s
-2

Aedopéva -Exkpepés 6to KENO , g=0.00m - s

2

> g=981:[1]=5:[2]=3:m[1]=4:m[2] =1
>
> x[1]={[1]-sin(9[1](¢))

x, =35 sin(Sl(t)>

> x[2] = x[1]+ [2]'sin(9[2](¢))

x, =5 sin({}l(t)) +3 sin({}z(t))

Y, =-5 cos(%l(t) )

(C))

(6))

()

(M

®

®

(10)

an

(12)



v, = (5 (% 81(t)) cos(9,(1)) + 3 (% Sz(t)) 005(92(0)) i+ (5 (% (13)

Sl(t)) sin(9,(1)) + 3 (% SZ(t)j sin(&z(t)))}

> B := combine(v_ [2] v [2],trg)

2

B:=9 ( J(t ) +30 (% j ( 1(z)) cos( =9, (1) + 9,(1)) + 25 (% el(z)j (14)

> T[2]:= % -m[2]-B
d 2
9 — 9.(1)
dr 2 d d
T, = ( t2 j + 15 (E 82(t)) (E 81(1‘)) cos(=9,(1) +9,(1)) (15)
d 2
25 (E sl(z)j
+ 2
> U] = m[1]-gy[1]
U, :=-196.20 cos( 9, (1)) (16)
> U[2] = m[2]-g¥[2]
U, =-49.05 cos(&l(t)) — 2943 cos(SQ(t)) a7

> L := simplify(T[1]+ T[2] — U[1]— U[2])
2 2

d d

L= 125(5 Sl(t)J + 9(582(0) +15 (L) (Lo -9 (¢ (18)

-5 ; [ 0] (G 810 ) o200

+ SI(t)) + 245.25 cos(Sl(t)) +29.43 cos( 2( ))
_>
F}: (ml + m,) B ,.: ﬁq_‘l r",,: -,

L= CUS(SI—S?} 3;;83;*]1 {ymy + 2 4+ —= 2 — + (.’;(}::1+m:)c05(8;} + F:,CUS(E':_,} };l::)g

=>
Lagrangian-

=):.YM(I)QNOYME ME Maple-2022 !!!!
> odel = simplfy(diff (diff (L. diff 911)(2). 1)), 1) = diff (L. 9[1](1))) =0

d? d°

odel = 125. 2 9, () + 15.00000000 [ 7 9, (1 )j cos( -8, (1) + 9, (1)) (19)
d 2

+ 15.00000000 (E 82(t)) sin( -9,(1) + 9,(1)) + 245.25 sin( 9, (1)) =0




> ode2 = simplify(diff (diff (L. diff (9[2](¢), 1)), t) — diff (L, 9]2](1))) =0
2 2
d

d d
ode2 == 9. e 9, () + 15.00000000 [? 31(1‘)] cos( ~9,(1) + 9, (1)) — 15.00000000 (E (20)
2

SI(t)) sin( - 9,(1) + 8, (1)) + 2943 sin(9,(1)) =0

>
>
EL, [[i aj(r)] Iy my cos(8 (1) = 9,(1)) + [% Ss(r)J‘.’:,mls{n(SI(r] = 8,(0) + (m + m) [gsin(a;(r)) +1, [% s;(r)]]} I=0
EL, = .’:_.ml[—[% Sj(r')f;; ﬂn(ﬁj(f] - Sj(f)) + [:J—i es(r']] I cos(S),(r’) - sj(f]) + [d—i Sj(r)] I+ sin(ﬁj(f))g] =0
>
. Pi Pi Pi
> ics = J[1](0) = - D(J[1])(0) = > 9[2](0) = i D(9[2])(0) =
P
3
ics =9 (0) =§,D(91)(0) =§,92(0) :%,D(sz)w) ~ % Q1)

> sol := dsolve({odel, ode2, ics}, numeric, output = listprocedure)

sol = [zzproc(t) ... end proc, Sl(t) =proc(¢) ... end proc, % 81(1‘) =proc(¢) ... end proc, (22)

9. () =proc(?) ... end proc, d Sz(t) =proc(t) ... end proc

2 dr
>
> 50l(0)
[:(0) =0.,9 (1) (0) =0.448798950512828, (% 9,(1) ) (0) =1.57079632679490, 9, (1) (0) (23)
=0.785398163397448, (% 82(1‘))(0) = —1.04719755119660}
>
>
ode-Lagrangian-
LYMOPOQNOYME ME Maple-2022 !1!!
i

OEZEIZ MAZON m,, m,, AITIAOY EKKPEMOYZX




> x[1]
5sin(81(t)>

| > X[1]:= subs(I[1](¢) =rhs(sol[2])(¢),x[1]) :
> y[1]
-5 cos(%l(t))
:> Y[1]:= subs(8[1](¢) =rhs(sol[2])(t),y[1]) :
> x[2]
5 sin(%l(t)) +3 sin(%z(t))
=> X[2]:=subs([9[1](t) =rhs(sol[2])(t), 9[2](¢t) =rhs(sol[4])(¢)],x[2]) :

> y[2]

-5 cos(Sl(t)) -3 005(82(t))

> Y[2]:=subs([9[1](t) =rhs(sol[2])(¢), O[2](t) =rhs(sol[4])(t)],¥[2]) :

\%

TAXYTHTEZ MAZQN m, m,, AITTAOY EKKPEMOYZX

\%

> Component(v_[1],1)

> XV1 = subs([&[l](t) =rhs(sol[2]) (1), a4 9, (¢) =rhs(sol[3])(¢)

dr 1
! 1)):

> Component(v_[1],2)

, Component(v_[1],

> YV = subs([%[l](t) =rhs(sol[2])(¢), % 9 (t) =rhs(sol[3])(¢)

1
5

> Component(v_[2], 1)
d d
5 (E SI(t)) cos(%l(t)) +3 (E 92(t)) cos(%z(t))

> XV2:= subs([&[l](t) =rhs(sol[2])(¢), % 81(t) =rhs(sol[3]) (1), 9[2](¢)

=rhs(sol[4]) (1), % 82(t) =rhs(sol[5]) ()

, Component(v_[2], 1)) :

> Component(v_[2],2)

, Component(v_[1],

(24)

(25)

(26)

27

(28)

(29)

(30)

(€2Y



> YV2 = Subs([{}[l](t) =rhs(sol[2]) (1), % Sl(t) =rhs(sol[3]) (), 9[2](¢)

=rhs(sol[4]) (1), % 82(t) =rhs(sol[5]) (¢) |, Component(v_[2], 2)) :

>

APXIKEXZ TAXYTHTEEX MAZQN m, m,, AIIIAOY EKKPEMOYZ

> XVI10 = evalf(subs([%[l](t) =rhs(sol[2])(0), % 81(1‘) =rhs(sol[3])(0)},

Component(v_[1], 1)) j

i XV10 = 7.07619294126940
> YVIO0 = evalf(subs([é}[l](t) =rhs(sol[2])(0), % SI(t) =rhs(sol[3])(0)},

Component(v_[1],2) ))
YVI10 := 3.40771491817158

> XV20 = evalf(subs([%[l](t) =rhs(sol[2])(0), % Sl(t) =rhs(sol[3])(0), 8[2](¢)

=rhs(sol[4])(0), % Sz(t) =rhs(sol[5])(0) |, Component(v_[2], 1)) )

i XV20 := 4.85475147214795
> YV20 = evalf(subs([%[l](t) =rhs(sol[2])(0), % SI(t) =rhs(sol[3])(0), 8[2](¢)

=rhs(sol[4])(0), L 82(1‘) =rhs(sol[5])(0)

, Component(v_[2], 2)) )

dt

YV20 := 1.18627344905013

-,

>

ATIEIKONI2ZEIX

K
1. AYSEIETIA: 9 (1),9 (1)

>

> plot(rhs(sol[Z]) (1), t=0..50, scaling = unconstrained, labels = [t(sec), 91(md) ], labelfont

Pi
= [arial, bold, 12, tickmarks = [default, spacing( 71 ) }, title="XYNAPTHZH 9{1](t)",

(32)

(33)

(34)

(35)



titlefont = [ arial, bold, 14 ], gridlines)

Sl(rad)

2n
7

|3

()

2
7

TYNAPTHZH 9[1](t)

UUUUU“

!

> plot(rhs(sol[4]) (1), t=0..50, scaling = unconstrained, labels = [t(sec), Sz(rad) ], labelfont

= [arial, bold, 12, tickmarks =

Pi

4

default, Spacing(

titlefont = [ arial, bold, 14 ], gridlines)

) } title="SYNAPTHEZH 9[2](t)",



=> plot([X

9 (rad)

TYNAPTHZH 9[2](t)

1
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=21 D(9[1])(0)

2. AYZEIZ TTA TPOXIEYX MAZQN: my, m

AAAATEE ETIZ APXIKEE EYNOHKEX
ics = 9[1](0)

2a. TPOXIA MAZAX m,

Pi
> 3[21(0)

Ll
4 L]

[1], Y[1],£=0.50], color = blue, thickness =1, labels = [x[m], y[ m]], labelfont

[arial, bold, 14, gridlines, title="TPOXIA palog m[1]", titlefont = [arial, bold, 14])



TPOXIA pélog m[1]

m

2b . TPOXIA MAZAX m,

(> BTROXIA = plot([X[2], Y[2],t=0..50], color =red, thickness =1, labels = [x[m], y[ m]],
labelfont = [ arial, bold, 14, gridlines, title="TPOXIA palog m[2]", titlefont = [ arial, bold,
| 14]) :
> display(BTROXIA)




TPOXIA pélog m|2]

TN |
v

s

v "V [

3. AYZEIZTTA TAXYTHTEX MAZQN: ml , mz

AAAATEXZ ETIZ APXIKEL LTYNOHKEX

ies = 9[1](0) =2, D(9[1])(0) = 21, 92](0) = 2, D(9[2]) (0) =-

v "V I

3a. TAXYTHTA MAZAX m

B plot([XV1, YV1, t=0..50], color = blue, thickness =1, labels = [ x, y], labelfont = | arial, bold,
14, gridlines, title="TAXYTHTA pwalog m[1]", titlefont = [ arial, bold, 14 1)




TAXYTHTA paog m[1]

3b . TAXYTHTA MAZAZX m,

> plot([XV2, YV2,t=0..50], color = blue, thickness =1, labels = [x, y], labelfont = [ arial, bold,
14, gridlines, title="TAXYTHTA palog m[2]", titlefont = [ arial, bold, 141])




TAXYTHTA paog m|2]

>

i 4. ANIMATE
> with(FileTools)

[AbsolutePath, AtEndOfFile, Basename, Binary, CanonicalPath, Compressed, Copy, Exists, 36)
Extension, Filename, Flush, Hash, IsDirectory, IsExecutable, IsLink, IsLockable, IsOpen,
IsReadable, IsWritable, JoinPath, ListDirectory, Lock, MakeDirectory, ModificationTime,
ParentDirectory, Position, Remove, RemoveDirectory, Rename, Size, SplitPath, Status,

TemporaryDirectory, TemporaryFile, TemporaryFilename, Text, Unlock, Walk|

| > SABBAS = JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES", "BIOTOPOS jpg"]) :
| > SPG = ColorTools:-Color("RGB", [218/255, 223 /255, 225/255]) :
>
> ANIMATROXIA = animate(plot, [[X[1], Y[1], t=0..S], color = blue, thickness=1], $§=0
| .50, frames =100) :
> ANIMBTROXIA := animate(plot, [ [X[2], Y[2], t=0..S], color =red, thickness=11], S =0..50,
| frames=100) :
>
| > Opoint := poiniplot( [0, 0], color = black, symbol= solidcircle, symbolsize=15) :
> Apoint := animate(pointplot, [ [X[1], Y[1]], color = blue, symbol = solidcircle, symbolsize




_ =30],¢=0..50, frames =100) :
> OAline := animate(plot, [ [A-X[1],A-Y[1], A=0..1], color = blue, thickness=3],t=0..50,
_ frames=100) :
> Bpoint := animate(pointplot, [ [X[2], Y[2]], color = red, symbol = solidcircle, symbolsize=30],
_ t=0..50, frames =100) :
> ABline := animate(plot, [ [X[1]+ A (X[2]- X[1]), Y[1]+ A-(Y[2]- Y[1]),A=0..1], color
_ =red, thickness =3 ], t=0.50, frames = 100) :
> Aarrow = animate(arrow, [ (X[1], Y[1]), 0.5-(XV1, YVI), color = blue, width=0.1,
_ head length=0.6], t=0 .50, frames=100) :
> Barrow = animate(arrow, [ (X[2], Y[2]), 0.5-(XV2, YV2), color =red, width=0.1,
_ head length=0.6], t=0 .50, frames=100) :
>
> display(ANIMATROXIA, ANIMBTROXIA, Opoint, Apoint, OAline, Bpoint, ABline, Aarrow,
Barrow, labels = [x[m], y[m]], labelfont = | arial, bold, 14 ], title
="Animation DoublePendulum XTH THn>XABBAZX I1. TABPIHAIARX", titlefont = [ arial,
bold, 141, gridlines, background = SABBAS)
Animation DoublePendulum XTH I'H
YABBAX II. TABPIHAIAHX
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> display(ANIMATROXIA, ANIMBTROXIA, Opoint, Apoint, OAline, Bpoint, ABline, Aarrow,
Barrow, labels = [x[m], y[m]], labelfont = | arial, bold, 14 ], title
="Animation DoublePendulum XTH T'Hn>XABBAZX I1. TABPIHAIARX", titlefont = [ arial,
bold, 141, gridlines, background = SPG)
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Animation DoublePendulum XTHT'H
YABBAX I1. TABPIHAIAHX




