;> with( plots) :
| > with(RealDomain) :

AOTI'IXTIKH EEIXQYH - AOT'TETIKH AITEIKONIXH
x(n+1)=Ax(n)-(1—x(n)),n=0,1,2,..,0 <A <4

H evtol rsolve divel AMdoeic MONO ywa A =2 ko 2=4 .!

r.::oh'e( [xl[n—l— 1) =s:f£=s(?l.= 2. hx(n)-(1 —x(n}l)),x(ﬂ] =A],x} =24+ IJJH + 1
2 2
2

}‘soh'el: {x(n+ 1) =SIEE)S(?|.= 4 hox(n) (1 —xl[n]]},x({}) =.«I},x} _ cosh(arccosh( 2.4 + 1) 2") + 1
2 2

}'soh'el: {xl{n+ 1) =srfbsl::‘..= 1 h-x(n)-(1 —.r(n])},.r({}) =.4},x} rsolve( {x(0) = 4, x(n+ 1) =x(n) (1 — x(n)) ). x)
v

.

Yrofepd Enneio IMeprodov 1 : x(n+ 1) =x(n)

Trofepd Enpeio Meprédov 2 : x(n + 2) =x{(n)
Trofepd Inpeio Meprédov 3 : x(n + 3) =x{(n)

Etaﬁ:—:na Enusm Hamuﬁon \I x{n + N ) x(n)

Eivon o onpeio Top)g TS KAOs KOPTUANG BE TNV OL0TOpMO y =

0=Ap1Bpog tov Feigenbaum=4.6692...

_ (A[n] —A[n—1])
n AMn+1]—Aln]

0




solve( diff (A-x-(1 —x),x) =0.x) (1)

hJ|h~

meoX = subs(x=(1), A-x- (1 —x)) mak = =

(2)

| >
AOI'TETIEH AITETKONIEH
1 - —_—
0.8
max(x[n+1])=n/4
[0.50, I].75]
0.6
x[n+1]
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0.2

: , , , , ,
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x[n]

— AOTETIKH KAMITYAH . 2=3.00 — AQI'EETIKH KAMITYAH , A=4.00 — AOUIETIKH KAMITYAH . A=1.00




AOTTETIKH ATIEIK ONIEH yuir p=(0..4, 1)

ACTTETIEH ATIETE.ONITH i p=2.5

Ayrotifog
0&
T =2 5[] —
j_u 254 (1 —x) 3
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Me v Emovednrnwn oygon s Aoponknc Arswdwons - Ti + 1] = p-T[i]-(1 — T[i])
Esrwvavtog ond Apywn Asbopsvn ripn T[0] Ppiokoups nig Tovictoypéves v onusiov 1234
H Appxn Tetunpévy Metooynuotileto diadoyxd o Tetayuévn tov 1=Tetaypévy tov 2=Tetunuéyn tov 2=Tetunuévm tov 3
Ko ) dwebikosio Enovelopfaveto -



AOT'IXTIKH EEIXQYH - AOT'TXTIKH AITEIKONIXH
x(n+1)=A-x(n)-(1—x(n)) ,n=0,1,2,...,0 <A <4

> x[0]:=X:
> nmax = 20:
nmax

> halfnmax =

2
;> for i from O to nmaxdo: x[i + 1] :== A-x[i]- (1 —x[{]) :od:

> x[1]

i AX (1 —X) )
(> x[2]

i XX (1=X) (1=AX(1—X)) @)
(> x[3]

i Kx—x)(1-ax1-x)) (1="x1-x) (1-r2x(1-Xx))) G)
(> x[4]

Mx-x)(1=ax(1-x)) (1=x1-x)(1-ax1-x))) (1= x(1 @)

—x) (1=-ax(1-x)) (1=Xx(1-x) (1-2x(1-X))))

evalf(1+ /6 ) =3.449489743
O ipoTec Swwkhadmaoealg cupfaivovy Yid KPIGIHES TIPES TOV A :

A =1,A,=3,A,=1+ J 6 =3.449489743 , A =~ 3.569945.

2zofepd nneio HMeprédov 1: x(n+ 1) =x(n)

Eav: 1<k = Epoavifovror dv0 (2) Xtabepa Xnpeia [leprodov 1 oo swastnypo x< [0,1] .

| >
> (=X
i AX(1—X)=X &)
(> solve((5), X)
A—1
0, —— 6

] N ©
> subs(h=3.82842712, lhs ((5)) — rhs((5)))

3.82842712 X (1 —X) — X )

(> STATHERASHMEIAI = solve((7), X)
(R



>

Ytabepd Inpeio Heprédov 2 : x(n + 2) =x(n)

Eav: 1<0<3 = Epgovilovtol 6V0 (2) L1o0epd Tnpeio [Ieprodov 2 610 daotnpoe x < [0,1]

STATHERASHMEIAI = 0.,0.7387961247

®

Eav: 3<). = Epgoavilovrol técoepa (4) Ztabepd Znpeia eprodov 2 6o drdetnuo x< [0,1]

>
>

2)=X
X (1=X) (1=AX(1—X)) =X
solve((9), X)

o Aol k142203 142 —20-3

3 3 3

A 2N 2N
x[1,A] = @0)[1]
xl,?» =0
x[2,A] = (0)[2]
A1
x2,7\. A

x[3,A] = subs(k2—27»—3 =factor(7»2—2-7»—3) ,simplifj}((IO)[3])>
A1+ (A+1) (A-3)
B 2

x4, 0] = subs(X’ —2 0 — 3 =factor(X> =21 —3) , simplify(10)[4]) )
oA+l —y (A +1) (A—3)
T 20

subs(\=3.82842712, (9))

14.65685421 X (1 —X) (1 —3.82842712 X (1 —X) ) =X

STATHERASHMEIA2 = solve((15), X)
STATHERASHMEIA2 = 0., 0.3693980632, 0.7387961248, 0.8918058120

Ths (15))
14.65685421 X (1 —X) (1 —3.82842712 X (1 — X))

®

(10)

an

12)

13)

(14)

15)
(16)

a7

Ytofepd Inpeio Meprodov 4 : x(n + 4) =x(n)




Eav 1<3i<3 = Epgavilovton 800 (2) Ztabepa Xnpeio IIepréodov 4 610 srastype x€ [0,1]

Eav 3<35?»s = EpdaviCovion técoepa (4) Xtabepa Xnpeio lleprodov 4 610 drastnpe x< [0,1]
Ay=1+ 6 =3.449489743

Eav 13<k53.960101 Epgovilovrol okto (8) Ltabepd Enpeio Ilgprodov 4 610 Sdotnpe x& [0,1]

Eav A>3.960101 Epdavilovton dekaéln 16) Erabepa Enpeia Ileprodov 4 6to dractype x< [0,1]

> subs(\=3.82842712, (4))
214.8233754 X (1 —X) (1 —3.82842712 X (1 — X)) (1 — 14.65685421 X (1 — X) (1 (18)

—3.82842712 X (1 —X))) (1 —56.11269816 X (1 —X) (1 —3.82842712 X (1
—X)) (1 —14.65685421 X (1 —X) (1 —3.82842712X (1 —X))))

(> STATHERASHMEIA4 = solve((18)=X, X)
STATHERASHMEIA4 = 0.,0.2993978753, 0.3693980633, 0.6055154488, 0.7387961248,  (19)

0.8030462313, 0.8918058120, 0.9144829486

2rofepd Syneio Ieprodov 3 : x(n+ 3) =x(n)
evalf (1 + /8 ) = 3.828427124

Eav 2<3.82842712 = Epgavilovton évo (2) Xtobepa Enpeia eprodov 3 6to diastnpoe x < [0,1]
Eav 3>3.82842712 = Epdavioviol okt (8) X1ubspd Enpeia Ileprodov 3 6to siastypa x& [0,1]

> subs()=3.82842712, (3))
56.11269816 X (1 —X) (1 —3.82842712 X (1 — X)) (1 —14.65685421 X (1 —X) (1 20)

—3.82842712 X (1 —X)))

(> STATHERASHMEIA3 = solve((20)=X, X)
STATHERASHMEIA3 = 0., 0.7387961248 1)

IPA®IKH
MEOOAOX

YYNTETAI'MENEX APXHY & TON XHMEIQN TOMHX TOQON KAGETOQN &
OPIZONTIOQN EYOEIQN ME AOTI'IXTIKH XYNAPTHXH & AIXOTOMO ANTIXTOIXA .
Evpporopoc Xvvretoaypsvov pe XY)
>

1. I'pagwkéc Eravaijyerg otay : 2=3.82842712 kot
X[0]=0.20:




> X[0]:=0.20:
> Nmax = 100 :
> halfNmax = anmx :
> forifrom 0 to Nmaxdo: if X[i] > 0 and X[i] < 1.0then X[ i+ 1] := 3.82842712-X[ i]
(1 —=X[1i]) : fi:od:
> XY[0] == [X[0],0]
XY, = [0.20,0]

XY, = [0.20,0.6125483392 ]
> X[0]
0.20

> X[1]

0.6125483392
> X[2]

0.9086116010
> X[3]

0.3178994165
> X[4]

0.8301537535
>
> forifrom 1 to halfNmaxdo: XY[2-i] == [X[i], X[i]]: XY[2-i+ 1] = [X[i], X[i+1]]:

od:

> seq(XY[n],n=0.Nmax) :

> Bissectrice *= plot(x, x=0..1, color = black, thickness = 1, legend = "dyotopog") :

> Equation := plot( 3.82842712-x-(1 —x),x=0..1, color = green, thickness =3, legend
_ =f(A)):

> EquationX = plot((17), X=0..1, color = brown, thickness =3, legend=f2( A)):

> EquationXX := plot( (18), X=0..1, color = blue, thickness =3, legend =f4( A) ) :

> EquationXXX := plot( (20), X=0..1, color = black, thickness =2, linestyle=3, legend

B =r'(a)):

> pl = pointplot([seq(XY[n], n=0..Nmax) |, style= line, color =red) :
> p2 = pointplot([seq([(19)[i], 19)[i]], i =1..8) ], symbol=solidcircle, symbolsize =10,
color =blue, legend ="~XTAOGEPA XHMEIA") :

(22)

(23)

(24)
(25)
(26)
@7

(28)

> display( Equation, Bissectrice, pl, p2, EquationX, EquationXX, EquationXXX, gridlines, labels

=[x, (L) |, labelfont = [ arial, bold, 141, title

="TPA®IKH MEGOAOX \n 116 A=3.82842712 , x[0]=0.20", titlefont = [arial, 12, bold])



TPA®IKH ME®OAOL
16 1=3.82842712 , x[0]=0.20
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>

> display(Equation, Bissectrice, p2, EquationX, EquationXX, EquationXXX, gridlines, labels
=[x, /() ], labelfont = [arial, bold, 141, title

="TPOXIEZ ITEPIOAOY 1,2,3,4 \n 11 A=3.82842712 , x[0]=0.20", titlefont = [ arial, 12,
bold]) -




TPOXIES TEPIOAOY 1.2.3.4
1é 3=3.82842712 , x[0]=0.20

0.8

e e ——
—— e

>

> S11 = pointplot({seq([n, X[n]], n =0..Nmax) }, style=line, color = blue, labels = [n,
fIn1], title="Xpovooelpa dedouevov o A=3.82842712, x[0]=0.20", titlefont = [ arial,
L 12, bold] , gridlines) :
> §22 = pointplot( {seq([n, X[n]], n =0 ..Nmax) }, color = red, symbol = circle, symbolsize
=10, labels = [n, f[n]]) :

;> display(S11, S22, view= [default, 0 ..1]) :
>

rl
0.6 |
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02
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X
| ® FTAOEPA THMEIA = f(4) Sigotopog === f(})> === A1) —— j{}L)jl



Xpovogeipa dsdopsverv a 2=3.82842712, x[0]=0.20
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 (Bifurcation)

[>
| > imax = 80 :
| > jmax =40 :
| > step :=0.1:
> forj from 0 to jmax do: xx[ j, 0] := 0.50 :for i from O to imax do: xx[ j,i + 1] := (step-j)
xx[ 7, i1 (1 —xx[j, i]) :od: l[ j] == [[ (step+j), xx[ j, n]]1$n =40 ..imax] :od:
> LL = [seq(ll[j],j=0.jmax)]:
> BIF := plot(LL, x=0..4,y=0..1, style= point, symbol = circle, symbolsize= 1, labels = [\,
x], labelfont = [arial, bold, 12], color =red) :
> S1 = implicitplot([x=1,x=3,x=1+6,x=3.569945 ], x=0..4,y=0..1, linestyle=4,
thickness=1[2, 2,2, 21, color = [ black, red, blue, gold], legend = [7\2 I,A=3,A=1
+J6,1=3.569945]) :
> Slzoom = implicitplot( [x =1+ \/F, x =3.569945 ], x=0.4,y=0..1, linestyle=4, thickness
i =[2, 2], color = [blue, gold], legend=[A=1+6 , AL=3.569945]) :
> A= display(B[F, S1, labels = [7», x], labelfont = [arial, bold, 14], title
= "Aunpoppor AokAGOwon g TG Aopotikng Amelkoviong\nXABBAX I1. TABPIHAIAHZ",
titlefont = [ arial, bold, 12 ], gridlines) :




Avapoppo Awkiadoon: e AoioTikig Amsmkoviong
EABBAEL ITL. TABPTHATAHE
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>

> display(BIF, S1zoom, labels = [7», x], labelfont = [arial, bold, 14, title
="Aoo AlkAadmon g g Aonotikng Aretkovion\nXTPEBAO
ZOOM-1\nZABBAZX I'1. TABPIHAIAHY", titlefont = [ arial, bold, 12 ], gridlines, view
=[3.42.4,0.80..1]) :




Adpoppo Awkidadoens TS AoneTiKi: Arsmwdvion:
ITPEBAO ZOOM-1
IZABBAE II. TABPTHAIAHE
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> display(BIF, S1zoom, labels = [7», x], labelfont = [arial, bold, 14, title
="Aoo AlkAadmon g g Aonotikng Aretkovion\nXTPEBAO

ZOOM-2\nZABBAZX I'1. TABPIHAIAHY", titlefont = [ arial, bold, 12 ], gridlines, view

=[3.42.4,0.30..0.60]) :
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[arial, bold, 121, gridlines, view

3569945 |

Maypoppa Awkiadoon: TN AoeTIK

ITPEBAO ZOONM-2

ZABBAY II. TABPIHATAHE

F=icieds - -3

>

[arial, bold, 141, title

[A, x|, labelfont

= "Aurpoppo AtoxAadmong g Aonotikng AnekovionnZTPEBAO

ZOOM-3\nZABBAX I1. '”ABPIHAIAHY", titlefont

> display( BIF, S1zoom, labels

=[3.42 .4, default]) :
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