EEavaykoopsvn Tardvroon pe Eotepikn Xrypaio kon Ileprodikng
Ayepon .

Touo palag m otn 0gon (L, 0) cuvdeeton pe 0o 1810 ehatnpio ,ghatnprakng otadepag k Kot
PVOIKOD UNKOVG /) .

To aAA0 aKpo 2 Kot 3 TV EAATNPIOV AVTICTOLYO JIEYEIPETAL LLE UITOVOELSN TEPLOSIKOTI T TAATOVG
P, , OM®G PAIVETAL GTO GYNHOL .

To axpa 2 & 3 TV EAATNPIOV EVOL DTOYPEDUEVO VO, KIVOOVTOL ETTL TOV KATOKOPLPOV aEovog AB .
No. teptypoget 1) Kivnon .

EEmtepikny Hirovosidng Agyepon Ihartovg :P[0]=2-R
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SABBAS P. GABRIHLIDHS

(20) =/ (2:R)? = (R-cos(0) )’
:R-J 3 + (sin(0))’

2
12=z4 — [R'[Eiﬂ[tﬂ +J3 + [ii“[‘l’]]: )]
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ILATQTH LTA MH TPAMMIK

YNAMIKA LYZTHMAT

lNioproz BoyriatzHE & Eveymia MEAETAIADY

TIANETIETHMIO TTATPON
TMHMA $YIIKHE

LOTPAAT AHMHTRFIOE
ANATIAHPOTHY EASHTHTHE

AYNAMIKA XYXTHMATA
kot EGAPMOTI'EX

LE TN Xp1jon tov Maple

Ziemnd |
‘Eyoupe Zvppetpir ddradn .
H Avvoun mov svepysl oto oope Adye cupustpios Tov Elotyplokday duvdusny stvor

R I
F=-2k(I = Iy)-cos() =—2-Fr-[1 - Tﬂ] J-cos( ) -

amov - & n shompoy otabepa
I 1o Tpé&yov unxog Tav shatnpiny
Iy 10 QuoKd piiKog Tav sEhatnpiav,

o N yovie og mpos iy SievBuvan Tng kiviong (onog ooiveTer oTo oy ).

Eivol - Adye vmoypentikis kivions tov 2.3 end tov alova z D:{l: 3 =R [sin{m-f}—ﬁ + 3+ (sin(w-1) ]2 ]
Me Aiyn Tpry@voustpic !
1= [0y + (L, — D=)* -

)

cos(qp) = 7
=¥ N 1?0
Emopévog: F=-2-&|1— (1)

\/x(f)z + (Ly— Do)’
ATNONTAY. THN AXKHEH Kot pe AYNAMIKH xoté Lagrange £yovue To ibio Amoteléopato -
AEN IPOLGETOYME ETO AEYTEPO EKEAOE THE A E. THE KINHEHE .

%
THN EZQTEPIKH AIETEPEXH THN AABAME YIIOYH ATAMOP®ONONTAL THN F.!!




H xivhon mepiypdoeral amd v Aiagopikn ESicwon :
1[0]
2 2
sqre( (x(1))* + (L[0] — Dz)?)

ode == m-dy_'}"(x(t],t’$2}+2-k-[1— }-x(t]=l]

émou: Dz:— R- (sin(m-t‘) —-\/?4-\/34‘ (Sin(m'f))z)

with(Physics| Vectors]) :
Setup(mathematicalnotation = true) :
with(plots) :

with( plottools) :
with(DEtools) :
L[0]:=3:

R:==1:

ow:=05:

[[0] = 5"

m:=10:

k=10:

P[0]:=2-R:

R-(sin(@-1) -3 + /3 + (sin(0-1)* )

Dz = sin(0.5¢) —J3 ++ 3 +sin(0.51)> )

> ode = m-diff (x(t),182) + 2-k- (1

VVVVYVVYV

v

vV VV

\%

v

> Dz :

— 191 -x() =0
sqrt( (x(1))* + (L[0] — D7)?) ) *0

5

ode == 10%(¢t) +20 [ 1 — @)

x(1)
2
202+ (3 —sin(051) +v3 =3 +sin(0502) J

To ehaTiipro pe (Tpé&yov jkog I) # (I[ 0]Tov @uoikod Tov mijkovs) v ety t=0.

= % A
A = Apjyua) emopdkpuven T paloc awo To Kpicipo onpeio 1 M| J I'; — I.ﬁ . ﬂjl
>
> A:=1

A:=1 A3)



> dics = x(0) =/ [0 — L[0]* + A, D(x)(0) =0
ics = x(0) =5,D(x)(0) =0 4)

(> 5ol == dsolve( {ode, ics}, numeric, output = listprocedure)
sol := [t=proc(t) ... end proc, x(¢) =proc(¢) ... end proc, x(t) =proc(t) ... end proc | &)

> s0l[2](0)

_ x(2)(0) =5. (6)
> sol[3](0)
! (%(1))(0) =0. ™
> s0l[2](31.4)
i x(2)(31.4) =4.09220002960914 3
> 50[[2](302)
i x(1)(302) =7.13415216650275 (&))
| >
> fi=rhs(sol[2](t)) =0

f=x()(t) =0 10)

> odeplot(sol, [t,x(t)],0..302, axis = [ gridlines], color = blue, thickness =2, labels = [,
x () ], labelfont = [ arial, bold, 14 ], numpoints = 100, title
="HMITONOEIAHX EEQTEPIKH AIETEPZXH\nTAAANTQXEIX. THX MAZAX MTTA P
[0]=2-R\nXABBAZX I1. TABPIHAIAHY", titlefont = [ arial, bold, 12 1)
HMITONOEIAHX EEQTEPIKH AIETEPXH
TAAANTQXEIYX THX MAZAX M I'TA P[0]=2*R
2ABBAX II. T ABPIHAIAHX

1190 20 310

B odeplot(sol, [x(t), x(t) ], 0..302, axis = [ gridlines], color = blue, thickness =2, labels



=[x(t), x(2) ], labelfont = [ arial, bold, 14, numpoints = 10000, title
="OAXIKO ATATPAMMA\nHMITONOEIAHY EZQTEPIKH
AIETEPEZH\nTAAANTQXEIX THE MAZAY M TTA P[0]=2-R\nZABBAX I1.
T"ABPIHAIARYY", titlefont = [ arial, bold, 12 ])

OAXYIKO ATATPAMMA
HMITONOEIAHY EEQTEPIKH AIET'EPXH
TAAANTQXEIX THX MAZAX M I'IA P[0]=2*R
YABBAX II. TABPIHAIAHX

"V "V "V [

\%

\%

E®PAPMOI'H :(ode,ics).
> x4:=0
xA =20

> z4 =Ly+\3 R

z4 =3 +3
> xI == xA+ R-cos(w-t)
xI == cos(0.5¢)
> zl:=1zA4 —R-sin((D-t)
zl =3 +3 —sin(0.5¢)
> x2:=0

an

(12)

13)

(14)

1



x2:=0 aas)
> 22:=zl-sqrt( (2-R)*- (xI —x2)?)

i 22:=3 43 —sin(0.5¢) — 4 —cos(0.5 1) (16)
> x0:=0

] x0 =0 17)
> z0:=0

i z0 =0 (18)
> x3:=20

i x3:=0 (19)
_> z3 i=-z2

i 23:=-3—3 +sin(0.57) ++ 4 —cos(0.5 1)° (20)
> xB==0

i xB =0 1)
> zB:=-L[0]—+3 ‘R

i ZB:=-3—3 (22)
_> x4 = xl

i x4 = cos(0.5 ¢) (23)
_> z4 :=-z]

i z4:=-3 —[3 +sin(0.5¢) (24)
>

> xm = rhs(sol[2](¢))

i xm = x(1)(t) (25)
> zm =20

i zm =0 (26)
>

> p0 = point([x0, 0, z0], color = olive, symbol = solidcircle, symbolsize =20) :

> pA = point([0, 0, zA ], color = black, symbol = solidcircle, symbolsize=10) :

> pl = display(seq(point([x1, 0, z1], color =red, symbol = solidcircle, symbolsize=10), t =0
..302, 1), insequence =true) :

> p2 = display(seq(point([x2, 0, z2], color = red, symbol = solidcircle, symbolsize=10), t =0

L 302, 1), insequence = true) :

> p3 = display(seq(point([x3, 0, z3], color =red, symbol = solidcircle, symbolsize=10),t=0

L ..302, 1), insequence = true) :

> p4 = display(seq(point([x4, 0, z4], color = red, symbol = solidcircle, symbolsize=10), t =0
..302, 1), insequence =true) :

> pB = point([0, 0, zB], color =black, symbol = solidcircle, symbolsize=10) :

> PM = display(seq(point([xm, 0, 0], color =red, symbol= solidbox, symbolsize=30), t=0

..302, 1), insequence = true) :

> LAl = display(seq(line([0, 0, z4], [x1, 0, z1], color =black, thickness=1),¢t=0.302, 1),
insequence = true) :

> L12 = display(seq(line([x1, 0, z1], [x2, 0, z2], color =black, thickness=1),t=0.302, 1),
insequence = true) :

> L02 = display(seq(line([x0, 0, z0], [x2, 0, z2], color = green, thickness =2, linestyle=4), ¢
=0..302, 1), insequence = true) :

> L03 := display(seq(line([x0, 0, z0], [x3, 0, z3], color = green, thickness =2, linestyle=4), ¢
=0..302, 1), insequence = true) :




L34 = display(seq(line([x3, 0, z3], [x4, 0, z4], color =black, thickness=1),t=0..302, 1),
insequence = true) :

LB4 = display(seq(line([0, 0, zB], [x4, 0, z4], color =black, thickness=1),t=0..302, 1),
insequence = true) :

LOPM = display(seq(line([x0, 0, z0], [xm, 0, 0], color = coral, thickness =4, linestyle=4), ¢
=0..302, 1), insequence = true) :

L2PM = display(seq(line([x2, 0, z2], [xm, 0, 0], color =blue, thickness = 1, linestyle=4), ¢
=0..302, 1), insequence = true) :

L3PM = display(seq(line([x3, 0, z3], [xm, 0, 0], color =blue, thickness =1, linestyle=4), ¢
=0..302, 1), insequence = true) :

cl = spacecurve([XA + R-sin(b1), 0, zA + R-cos(bl) ], b1 =0..2-Pi, thickness =2, color

=red) :
c2 = spacecurve([xB + R-sin(b1),0,zB +R-cos(bl) ], b1 =0..2-Pi, thickness =2, color
=red) :
la = sqrt( (x2 — rhs(s0l[2](1))) + (0 — 0)* + (22-0)%)
2
la = \/x(t)(t)z + (3 +3 —sin(0.51) —y 4 —cos(0.51)° ) 27

display(p0, pA, pl, p2, p3, p4, pB, PM, LAl, L12, L02, L03, L34, LB4, cl, c2, LOPM, L2PM,
L3PM, orientation = [ -45, 80, 0], scaling = constrained, labels = [x, y, z], labelfont
= [arial, 14, bold ], title
="w=0.500-ANIMATE-HMITONOEIAHZ AIETEPXH\n>ABBAZX I1. TABPIHAIAHX",
titlefont = [ arial, bold, 141]) :



a@=0.500-ANIMATE-HMITONOEIAHY AIETEPXH
XABBAY II. TABPTHAIAHE

> display(p0, pA, p1, p2, p3, p4, pB, PM, LAI, L12, L02, L03, L34, LB4, cl, c2, LOPM, L2PM,
L3PM, orientation = [0, 90, 90, scaling = constrained, labels = [x, y, z], labelfont
= [arial, 14, bold ], title

="0=0.500 -ANIMATE-HMITONOEIAHX AIET'EPZH\nXABBAX I1.
TABPIHAIAHZ\nITPOBOAH =TO (XOZ)", titlefont = [ arial, bold, 14]) :




@=0.500 -ANIMATE-HMITONOEIAHY AIETEPXH
YABBAY II. TABPIHAIAHY
ITPOBOAH XTO (XOZ)
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AYNAMIKH KATA LAGRANGE

To Zoetnpe £x21 évav(l) BeOpsé Eisvbepios (B.E.)
Tevixeopiv Zovretaypsvn n x(t) .

X = x(1)_i .

X=x(t)i
v [m] = diff (X, 1)

Vi = k(1)
v [m]v_[m]

(1) (30)

a [m] = diff | X 132)

ayg = E(1) 1
L[0] =3
R=1:
wm= 05:
Io]=5:
m= 10:
k=10
P[0]=2R:

Dz = -[sin[w-r}—ﬁ+ W3+ [s‘l'n[m-r:i}2 ) :

1=/ H1)? + (Lo— D;f :

o ]
F=-2Fk|1- S — | x(r) :
“;' ()" + {LD — D:J‘

b I

_2.,%.[1 - W]L .r} =mr[ ‘2"%[1 N W

x|=-2&(-1 (D2 —2D- T_ .2, 1 2}
Int XX __"":[_D\. Dz —_D_LD—I—.\ +LD +?.1 :

E=EIFOYEIY. Lagrange (1) .
l [ i I.] - L L=0,i=12..n =AE. (.ﬁlo!ﬂ}oplxz'\; Ebiocidaeis Kiviians }
dr | dq; ag; i
Omov:
L(q,{'[,.f) :.T({[,li‘,f) - V(qv()

U= 2;‘:[—20\;'19:1 —2DeLy+x(t)P+ I + %.\-(r)lJ :

L=T-U
L= 5%+ 100‘,-” (sin(0.57) — 3 + 3 +sin(057) ) — 6sin(051) + 643 — 6y 3 +sin(057)° +x(r)>+9 — 10x(r)>
aiff (L. %(1))
104(7) (33)
diff((33). 1)
10%(1) (34)
aiff(L.x(1))
. 100x(¢) 204 (35
Jsin(0.50) = /T + (3 +sim(050)2 ) — 65in(050) + 6T — 6/ 3+ sin(050)% +x()2+9
odela — (34)-(35)=0
odela = 10H(t) — 100x(#) +20x(t)=0

-
S sin(058) — 3 + 37 sim(0507 ) — 65in(057) + 643 — 643+ sim(050)7 +x(+9

R
ex}mmf[(s{n([}.s =3 +315in(051)7 ) —65in(051) + 63 — 64/ 3 +sin(057)° + 9)
15— 6sin(0.57) + 643 — 6y 3 +sin(0.51)% +25sin(0.54)% — 25in(05¢) V3 +2sin(0.52) 3 + sin(051)% — 23 3+ sin(0.57)2

R
expandd (3 — sin(051) + VT =3 + sin(050)7) )
15— 65in(0.57) +6+/3 — 64/ 3+ sin(0.57)% + 2sin(051)% — 2sin(051) y3 + 2sin(05) 3 + sin(05)2 — 23 /3 + sin(051)2

odel == 10%(r) — 100-x(1) — +20.x(r) =0
a4 (3 sin(059 + T — 3 1 w052 )
odel = 10%(¢) — 100x(1) — +20x(f) =0
e+ (3= sin(050) = T = /3 + sin(050)2 )

5

[ w0+ (53— sin(051) + V3 — 37 sim(03 0% )

L

xt)=0

TMPOEKYYE H IATA Avapopuci Ediconon pe v § ode == 10XE(1) + 20 |1 —

4



1. YIIO MOP®H AYTONOMOY
2YXTHMATOX :

5 A

HAE ode:= 10%(1) +20|1—

Jx?+ (3—sin(050 + 3 =3 +sim(050)2)

> diff (x(1), 1) = (1)

> diff (y(1), 1) —2~[1 .

x(t) =y(1)
5

-x (1)
2
/x(t)z-l— (3 —sin(z(1) +v3 =3 +sin(z(1))2 ) ]
5

§(1) = -2 [1— 2 ]xm
/x(t)z—l— (3 —sin(z(1) +v3 =3 +sin(z(1))2 )

z(t) =0.5

(> diff (z(1), 1) =0.5

>
> sysS1 = (28), (29), (30)

sysSI = %(1) =y (1), §(1) = -2 [1

_ 5 ]x(l‘),i(l‘) ~0.5

\/x(t)z—i- (3 —sin(z()) +v3 =3 +sin(z(1))2 )

(> icsSI = x(0) =5, y(0) =0, 2(0) =0
icsSI1 :==x(0) =5,y(0)=0,z(0) =0

>
> DEplot3d([sysSI], [x(¢t),y(t),z(¢)],t=0.151,x=-8..8,y=-5.5,z=0..5, [[icsSI]],
linecolor = blue, maxfun = 50000, stepsize =0.1, scene=[z(t), x(t), y(t) ], labelfont

x(t) =0 7ypaoeToL:

(28)

(29)

(30)

31

(32)

= [arial, bold, 141, title="®AZIKO AIATPAMMA-PHASEPORTRAIT\n[z(t),x(t),y(t)] ",

font = [arial, bold, 14])




®AXIKO AIATPAMMA-PHASEPORTRAIT
[2(t),x(t),y (V)]

> DEplot([sysS1], [x(t), y(t),z(t)],t=0.151,x=-8..8,y=-5..5,2=0..5, [ [icsSI]],
linecolor = blue, maxfun = 50000, stepsize =0.1, scene = [x(t), y(t) 1, labelfont = [ arial,
bold, 141, title ="O®AZIKO AIATPAMMA —PHASEPORTRAIT\n[x(t),y(t)] ", font
= [arial, bold, 141])




®AXIKO AIATPAMMA-PHASEPORTRAIT
[x(0),y(D)]

>
i KPIZIMA THMEIA £TO EITITEAO X-Y
> rhs((28)) =0

v ©=0 TO GVOTNUO TALPVEL TV LOPPN :

| y(t) =0 (33)
> evalf (subs(z(t) =0, rhs((29))) =0)
2. (1. - 5. x(#) =0. (4)
i J x(1)* +9.000000000
> solve((34), x(t))
0.4, —4 35)



Tpia Kpiowo Inpsia :(0,0),(4,0),(-4,0) .

2. YIIO MOP®H MH AYTONOMOY
XYXTHMATOX :

S A

HAE. ode:= 10%(r) +20|1— x(t) =0 7ypdoeToL:

Jx?+ (3 —sin(050) + 3 =3 +sin(050)2)

> diff (x(1),1) =y(1)

_ xX(1) =y(1) (36)
> diff (1), 1) =-2-[1— > x(1)
[ /x(t)2+ (3 —sin(®-7) +\/?—\/3 +sin((z)-z‘)2 )2 J
y(t)=-2 [1 — S ]x(t) (37
I J e+ (—sin(05 0 5 =3 Tsm(0507)
> sysS2 = (36), (37)
sysS2 == x(t) =y(t),y(t) =-2 |1 38)

5

- x(1)
2
i \/x(t)2+<3—sin(0.5 0 +V3 =3 +sin(050)7) ]
> icsS2 :==x(0) =5,y(0) =0

icsS2 :=x(0) =5,y(0)=0 39)

=> DEplot([sysS2], [x(t),y(t)],t=0.151,x=-8.8,y=-5..5, [[icsS2]], linecolor = blue,
maxfun = 50000, stepsize = 0.1, scene = [x(t), y(t) ], labelfont = [ arial, bold, 14, title
="OAZIKO AIATPAMMA —PHASEPORTRAIT\n[x(t),y(t)] ", font = [ arial, bold, 141])




®AXIKO AIATPAMMA-PHASEPORTRAIT
[x(0),y(D)]

EITANAAHIITIKH MEGOAOX
| H ovyvomnte © T sC0TEpIKIG TEPLOOIKIS O1EyEpong peTafdiieTan :

>

KPIXIMO XHMEIO M yw w=0 : M(4,0)



A. Xvyvéomnra o AvEovopevn : Q=0.

2.

\%

> imax = 1000 : step := 0.002 : interval == imax-step :

ode€2 :=10x(¢) +20 | 1

_ S x(1) =0 :

/x(z)2+ (3 —sin(Qri1s) +v3 =3 +sin(Ql10)° )

ics == x(0) =/ [[01> — L[0]* + 4, D(x)(0) =0
ics ==x(0)=5,D(x)(0)=0

for i from 0 to imax do Q[i] := step-i : SOL[i] := dsolve( {ode(2, ics}, numeric, output
= listprocedure, maxfun =1000000) : od:

SOL[0]

[t=proc(?) ... end proc, x(¢) =proc(z) ... end proc, X (¢) =proc(¢) ... end proc |
SOL[250]

[t=proc(f) ... end proc, x(¢) =proc(?) ... end proc,i(t) =proc(¢) ... end proc|
SOL[500]

[t=proc(?) ... end proc, x(¢) =proc(z) ... end proc,f((t) =proc(z) ... end proc |
SOL[1000]

[t=proc(?) ... end proc, x(¢) =proc(z) ... end proc, X (¢) =proc(¢) ... end proc |
rhs(SOL[0][2](0))

5.
rhs(SOL[0][317(0))
0.
Q[0]
0.
Q[250]
0.500
Q[500]
1.000
Q[1000]
2.000
odeplot(SOL[0], [¢, x(¢)],0..302, axis = [ gridlines], color = blue, thickness =2, labels = [t,

x(t) 1, labelfont = [ arial, bold, 14 ], numpoints =100, title

(40)

1

“42)

43)

44)

45)

(46)

“7)

(48)

49)

(30)

="HMITONOEIAHXE EEQTEPIKH AIET'EPXH\nTAAANTQXELX THX MAZAX MTITA P

[0]=2-R , ®=0\nZABBAZX I1. TABPIHAIAHX", titlefont = [arial, bold, 121])



HMITONOEIAHX EEQTEPIKH AIETEPXH
TAAANTQXEIX THX MAZAX M T'IA P[0]=2*R, ©=0
YXABBAX II. TABPIHAIAHX

5

4.5

3.5

0 | 100 | 200 | 300
t

> odeplot(SOL[250], (¢, x(t) ], 0..302, axis = [ gridlines], color = blue, thickness =2, labels

= [t, x(t) ], labelfont = [ arial, bold, 14 ], numpoints =100, title

="HMITONOEIAHX EEQTEPIKH AIET EPXH\nTAAANTQXEIX THX MAZAX M TIA P
[0]=2-R , ®=0.500\nXABBAZX I'l. TABPIHAIAHY", titlefont = [ arial, bold, 121])




HMITONOEIAHX EEQTEPIKH AIETEPXH
TAAANTQXEIX THX MAZAX M I'TA P[0]=2*R , ®=0.500
YXABBAX II. TABPIHAIAHX

1190 20 310

> odeplot(SOL[500], [¢, x(t) ], 0..302, axis = [ gridlines], color = blue, thickness =2, labels
= [t, x(t) ], labelfont = [ arial, bold, 14 ], numpoints =100, title
="HMITONOEIAHX EEQTEPIKH AIET EPXH\nTAAANTQXEIX THX MAZAX M TIA P
[0]=2-R, ®=1.00\nZABBAZX I1. TABPIHAIAHY", titlefont = [ arial, bold, 121])




HMITONOEIAHX EEQTEPIKH AIETEPXH
TAAANTQXEIX THX MAZAX M I'TA P[0]=2*R, ©=1.00
YXABBAX II. TABPIHAIAHX

| |
BN [\
1 1
————
——
 —
———

> odeplot(SOL[10001], [¢,x(¢) ], 0..302, axis = [ gridlines], color = blue, thickness =2, labels
= [t, x(t) ], labelfont = [ arial, bold, 14 ], numpoints =100, title
="HMITONOEIAHX EEQTEPIKH AIET EPXH\nTAAANTQXEIX THX MAZAX M TIA P
[0]=2-R, ®=2.00\nZABBAZX I1. TABPIHAIAHY", titlefont = [ arial, bold, 121])




HMITONOEIAHX EEQTEPIKH AIETEPXH

TAAANTQXEIX THX MAZAX M I'IA P[0]=2*R, ©=2.00
YXABBAX II. TABPIHAIAHX

5.5




