AYNAMIKH KATA LAGRANGE

E&onoelg Lagrange

d 0 I 0 L=0.i=12 AE. (A - Brioioe Ki )
- - = ) = o Lgese = A.E. K2 c

dr [aq, j dg; ’ : wpopuis EGiowoers Kivinons
Omov :

L(q,q,t) =T(q,4,1) =V (g, )

H Aoyxpallovn Tov ZueTnuatog Kot

T := Kwntikn Evépyeia tov Tvotnuatog og tpog Emdeyuevo Adpoveloko Z0oTnuo Avapopog
V == Auvvopukn Evepyeia tov Zvotnuatog og pog Emdeypevo Adpaveiakd Zootnua Avapopig
q; i=1,2,.n, I'evicevueveg Tovietaypeveg AveEaptnteg Metadd tovg

qg; i=1,2,.n, Fevikevueveg Taxdtnreg Ave&aptnteg Meta&y tovg

Evpeon tov BaOpov Elevlepiog (BE) Eniredov Mnyoviopov .

To mAnboc Twv Babuov Exevdepiac (BE) evog Emmedon Mnyaviouov vroloyileton pe T Pondeia
¢ Eélowong Kutzbach :

F=3-(n—1) —2-f1—f2

OToV :

F=n\An0o¢ (BE) tov pnyaviopon

n=nAn0o¢ puehov (tepriappaverar kot n Baon )

f; = mNB0g cuvdEsEmV Tov drabETovy 1-BE

f, = TAnB0g cuvdEsEmY mov dtabetovy 2-BE

FVAMONOTIKY : Ao T0 GuvoAiko TAn0og BE tov unyavicpov dwaypagovtot ot Agopgvpévol BE .
TO EAATHPIO AEN AEXMEYEI (B.E.) !.

GEMA :

YAIKO onuelo X KIVELTOL VIO THY EXLBPAGT] TOV PAPOVE TOV TAV®D GTNV KUVKAOELSN KAUTOAN : X=0.*
(0-sin(0), z=0*(1-cos(0)) . 0<0<2*P1i.

H KINHZH yivetat 610 katakopuo eninedo OXZ .

No teprypaget i) kivnon .

AsSopEVOL : 0=AKTIVO, KUMOUEVIG, KOTA QOPA aVTIOETT LE QDT TOV SEIKTOV ®POAOYIOV AVED

oMoOnoemc , KLUKAIKNG oTepavng ent Tov agova OX .
> restart

> with(plots) :

> with(plottools) :

> with(Physics| Vectors]) :

| > Setup(mathematicalnotation = true) :

> plot({[1-(6 —sin(08)),-1-(1 —cos(0)),0=
.2-Pi], [1.2+1-cos(0),-1+1-sin(8), 0
gridlines, axes =none) :

] [1-cos(0),-1+1-sin(6),0=0
2-Pil}, scaling = constrained,




-
Olxz) EEotoes
.‘{'=-|:I_f'{E-| — 5111{9]} B=ethyévng
—'=‘-'1"{1 - EQS{E‘}] KUKAOELE00E
— B || Mnkog
00 =4-a- [ 1 — E'DS-[ E]] wurhoadole

- Kukioadng olkot prkove=a- 8

6 JMAGTOC TOAGVTOONE YAKou

Inueion X SABBAS P. GABRIHLIDHS

BEROILA

L

’y




xB=a-(8+ sin(6))
B=a-(3 + cos(8))

ESigasie

ENetirypévne
KUKAOELE00E

5}
OB = 4-:1-4:-;15[ E ]
B(xB.zB)

— ENetiryuevn Kuichosidrig

SABBAS P. GABRIHLIDHS

BEROIA

A




YABBAY I'ABPIHAIAHY
KYKAOEIAEE-EKKPEMEYX-
HUYGHENS-ANIMATION

AEAOMENA :
>R =a(0 —sin_)e));_i—l—a-(l —cos(0))-_k
R:==1i (-asin(0) +aB) +k (-acos(0) +a)
> diff (R_,0) ) )
i (-acos(0) +a)+kasin(0)
> simplify(Norm((2))) assuminga > 0,06 > 0
ay 2 —2cos(0)

> simpliﬁz(subs (cos( 0)=1-— 2-sin2( % ), (3)), symbolic)

. (0
I 2asm(2)
> L:=4-q
i L:=4aq
0
> 5 —4-a-(l—cos(3))
0
i S~—4a(1—cos(3)j
> simplify(L —s)
0
4acos(2)

> C = sin(g) (7 i+ cos(g ) (7) _k

Esihiyusvn

EveiArypévn

@

(¢))

©))

C))

(6))

()

)



2
g . (0 0 ) - 0 »
C.—4sm(2)acos(2jz+4cos(2j ak (t))
B =R +C_

= (—asin(e) +a6+4sin(g) acos(g)) -HAc (—acos(e) +a &)

2
—I—4cos(2) aJ

Wl Vo

0
> B = subs(4-a-sin(%j -cos( g ) =2-a-sin(0), 4- cosz(z ) ‘a=2-a+2-a-cos(0),
(9))
Bi=i (asin(0) +a®) +k (acos(®) +3a) 10)
, o [ dx dz , =
Edomtopevo povadiaio Siavoopo T1 = 45’ ds oo onueio O' g EAEIAITMENHX
s ds
| Kvkrog1dovg . (Kavovag AAveidag 6tny Tapaymyien ).
> diff (R, 0) )
i (-acos(0) +a)+kasin(0) (11)
> diff (s, 0)
. (©
I 2a sm( 5 j 12)
o (1) )
> T1 : szmplzﬁ/( —(12)
— . e n E A
I Tl == sm(z)l+cos(2jk 13)
| >
, ;e ) |dx dz ,
Edoarwopevo povedoto dtavoope T2 = d—, d_ oto onpeio B g ENEIAITMENHY
A \)
| Kvkrogdovg . (Kavovag Alveidag 6tny mapaydyion ).
> diff (B_, 0) )
i (acos(0) +a) —kasin(0) (14)
> simplify(Norm((14)) ) assuming a > 0
a~ 2+2cos(0) a5s)

> simpli]fv(subs(2 +2- cos(0) =4-cosz(gj, (15)), Symbolicj
2 acos(e) (16)
2
. 0
> sB:= mt(2~a-c0s(3j, 9=0..9)
. (O
sB =4a sm(z) a7

> diff (sB, 0)

(18)



2a cos( g J (18)

> simpliﬁ/( % )

—/Acsin(e) +cos(0) i +i

19
) (9) a9
i cos|
- 0 0 0
> T2 = szmplzfj{subs(l + cos(0) =2-cos (5) sin(0) =2- s1n(3 j -cos( > ), (19)) J
T2 = cos( ) i —sm(gj (20)
> T1.T2.
i 0 21
R

e
APA TO EQATITOMENO *THN EEEIAITMENH MONAAIAIO ATANYEMA T/ EINAI

H
KAGETO XTO EGANITOMENO *THN ENEIAI'TMENH MONAAIAIO AIANYIMA T2 .!!!
n

Mnkn Kvklogidovg :
> s[total] == Int((4),0=0.2-Pi) =int((4),0=0.2-Pi)

2n 0
Sioral = | 2@ sin(2 ) 0=8a 22)
0
> s[part] = Int((4),0=0..0) = factor(int((4),0=0..0) ) assuminga > 0,0 <0 < 2-Pi

0
(e) . e
Spart = 2asm(2) 6——4a(cos(2)—1) (23)
0

> s[0Q] = Int((4),0=0..Pi) =int((4), 0=0.Pi)

T

Son = 2asin(g) 0=4a 24)
0
> S[OZ] := Int((4), 6=0..Pi + ) =int((4), 0=0.Pi + ¢)assuming -1 < ¢ <7
T+ 0 2
Sos = 2asin(gj 6—8a—4acos(j:j +8acos(i))sin(j:j 25)
0
2
I —4asin(i’)
> 5[ Q2] = s[O0X] —s[OQ]
T+ ¢ 0 T 0 2
= | 20sn(2) [ 20 2) e]4a_4m(3) a0
0 0
2
+8acos(i)sin(i)—4asin(j)




, ;e -~ _/dx dz , ,
Edomtopevo povadwaio dwavvopa T = <d_ d_> OTO onpueo X . (Kavovag

L AMvoidag otnv Tapayayien ).
diff (a- (¢ +Pi —sin(¢p +Pi) ), d)

diﬁ‘(4a+4asin[%),¢)

12+cos((b¢) oY)
| )
> subs(l + cos(6) =2-cos (%) (27)j
cos(qz)j 28)
diff (a- (1 —cos( +Pi) ), )
dzﬁ(4a+4asm( )q)j
_ sin((b(g .
| =5
> subs(sin(q)) =2-sin(%j-cos(%),(29)j
—sin(qZ)J 30)
> T = 28) i+@30) k
?::cos(g’)i—sin(qz’)l} 31)

B -
Apan gpantopevn T g Kukhogidovg oto onueio X oynuatilel yovia , pe tov aova tov X , ¢/2
TPOG TOL EMAVE ,0MMG PAVETOL GTO Gﬁj oL .

Ka0eto povadiaio dtavvepe N oTO onueio X ( And 1o oynua :)

> N_ :=—sin(%j-_i—cos(%)-_k

PV B o)

I N := sm( ) ) i cos( ) )k 32)
EEIZQYELRRY KINHXHY TOY YAIKOY XHMEIOY X .(Apxﬁ pé‘rpnm]g TOV
UNKOV T0 KOTOTEPO GNUELD Q OV 0vTIoTOLYEL 68 0= . Tyéon (2.47) ,0€1.132,

| MAOHMATIKA I'l'A MHXANIKOYX .
> mea[S]=m [diff (S(1),82)-T_+ K- (diff (S(2),1))**N_]:

> F ==—m-g-sin( q)j =S
2 4-a

_Enoptévcog :
> diff (S(t),1$2) %

(33)




S - - £ (33)

=> ode = [hs((33)) -rhs((33)) =0

ode = §(1) + £2U) =9 (34)

=> icsX = S(0) =rhs(s[QZ]),D(S) (0)=0
2

2
icsX:=8(0)=4a —4acos(i) +8acos(j) sin(

) —4asin(i)j ,D(S)(0)=0 (35)

N

> dsolve({ode, icsX})

2 2
S(t)=(4a—4acos(¢j +8acos(¢)sin(¢)—4asin(¢) )cos(@] (36)
4 4 4 4 5

>
I'a S(t)=s[QX], &xovpe pio TARPN TEAAVTOOT TOL VAKOV Xnpeiov T, apo t=T ,

cos @] =1,= @ =2-Pi,= [NIEPIOAOX TAAANTQYXHYX ANEZAPTHTH
2Ja 2Va

> T=2-1t- | 4-a
8

T=4n | g 37

> T:= Simplzﬁ/[subs(a =1m, g=9.80%, rhs((37)) ) )
S
i T:=4.014179848 s (38)
> 4-T
16.05671939 s 39)

Xpovog mov amarteitol Y10 vo. g0acEL To YAKO ZNUEL0 6T0 KOTOTEPO ONUEL0 Q .
I'a S(t)=0 £yovpe :

> 0=asinf 2 [L]

2 2\/7
0—4sin(¢jacos[\/gt) (40)
= : 2\/7
> cos[ g ! ]=0
2+ a
cos( Et ]ZO 41)
— 2\/7
()2
2Ja 2
Jer 42
e 2 42)

=> t=solve((42), t)




nva
Ve
> apaitoymenot == simpliﬁ/(subs [a =1lm, g= 9.80%, rhs((43)) ) j
s

apaitoymenot := 1.003544962 s

l‘:

APA 0 XpOVvOG Tov amarteitol Y10 vo. g0dcEL To YAKO ZNHEL0 6T0 KOTOTEPO
onueto Q gival oveEapTnTog 0o To ApYLKO TAUTOS TOAAVTOGNG . !!!!!!!!
E®PAPMOI'H FIA AYO(2) YAIKA XHMEIA 1,2 :

Pi

¢—— ¢—?,a 1,2=9.80

> S —Szmplzﬁ/[subs(q)——rad a=1m,g=9.80"2 ¢=1s, ris( (36))])
S
ST = 2 cos(1.565247584 1) m

> 82 —szmpllfy(subs( =—rad a=1lm,g= 980— t=ts, rhs( (36))])
52

T T
S2:=28 sm( A ) cos(1.565247584 ¢) cos( Y j

2Y>XTHMA >YNTETAI'MENON ITAPAAAHAA METATOIIIXMENO >TO >HMEIO A .
B
> xX:= ¢ +sin(¢)
xX = 0 +sin(¢)
> zX = cos(0)
zX := cos(¢)

> sX:=4- sin(

N e

|

s = 4sin(q2))

]
> s3] = 4-sin(¢7)

i
sX1 :=4sin(q;)

> 22 = 4-sin(%)
§22 = 4sin(q;2)

> 51 =2 cos(1.565247584 ¢)
1
4 sin((z; j =2 cos(1.565247584 1)

> 532=1.035276180 cos(1.565247584 ¢)

2
4 sin( ¢2 j =1.035276180 cos(1.565247584 t)

> ¢l := solve((52), ¢I)

43)

44)

45)

(46)

7

(48)

49)

(30)

(1)

(32)

(33)



>
>

>
>

>

@1 := 2. arcsin(0.5000000000 cos(1.565247584 ¢)) (54)

¢2 := solve((53), ¢2)
@2 := 2. arcsin(0.2588190450 cos(1.565247584 t) ) (55)

xX1 = subs(O = ¢1, (47))

xX1 = 2. arcsin(0.5000000000 cos(1.565247584 ¢) ) (56)

+ sin (2. arcsin(0.5000000000 cos(1.565247584 ¢)))

221 = subs(§ = 91, (48))
zX1 = cos(2. arcsin(0.5000000000 cos(1.565247584 ¢))) (57)

xX2 = subs(O = ¢2, (47))

x22 := 2. arcsin(0.2588190450 cos(1.565247584 t) ) (58)

+ sin (2. arcsin(0.2588190450 cos(1.565247584 ¢t)))
232 = subs(p = ¢2, (48))

zX2 = cos(2. arcsin(0.2588190450 cos(1.565247584 ¢))) (59)
02 = point([ -Pi, 1], color =black, symbol=solidcircle, symbolsize=10) :
03 = point([0, 1], color = black, symbol = solidcircle, symbolsize=10) :
04 = point([P1, 1], color = black, symbol= solidcircle, symbolsize=10) :
05 = point([0,-11], color =black, symbol = solidcircle, symbolsize =10) :
06 = point([ -Pi,- 1], color =black, symbol= solidcircle, symbolsize=10) :

07 = point([Pi,- 1], color =black, symbol = solidcircle, symbolsize=10) :

0281 = display(seq(line([ -Pi, 1], [xX1,-zX1], color =cyan, thickness=3),t=0..16,0.2),
insequence = true) :

0381 = display(seq(line( [0, 1], [xX1,-zX1], color = gold, thickness=3),t=0..16,0.2),
insequence = true) :

0382 := display(seq(line( [0, 1], [xX2,-2z22], color =gold, thickness=3),¢t=0..16,0.2),
insequence = true) :

01 = point([0, 0], color =black, symbol= solidcircle, symbolsize=20) :

OS1 = display(seq(line([0, 0], [xX1,-zX1], color = blue, thickness=3),t=0..16,0.2),
insequence = true) :

OS2 = display(seq(line([0, 0], [xX2,-zX2], color = green, thickness=3),¢t=0..16,0.2),
insequence = true) :

Pl = display(seq(point([xX1,-zX1 ], color = blue, symbol = solidcircle, symbolsize=40), ¢
=0..16,0.2), insequence = true) :

P2 := display(seq(point([xX2,-zX2], color = green, symbol = solidcircle, symbolsize=40), t
=0..16, 0.2), insequence = true) :

C :=plot([1-(¢ +sin(¢)),-1-(cos(0) ), » =-Pi..Pi], scaling = constrained, gridlines,
axes =none, thickness=2) :

display(O1, 02, 03, 04, 05, 06, 07, OS1, OS2, 0251, 03S1, 0382, P1, P2, C, title
= "IZOXPONO-EITI KYKAOEIAOYZ\nANIMATE\nSABBAS GABRIHLIDHS",
titlefont = [ arial, 14, bold ), labels = [x, z], labelfont = [ arial, 14, bold], scaling
= constrained, axes = normal)



IXOXPONO-EIII KYKAOEIAOYX
ANIMATE
SABBAS GABRIHLIDHS

KYKAOEIAEX EKKPEMEX HUYGHENS .
EZEIAI'MENH(Op0Ooneprpairovca)=evolute ,Apyiki} Kvkhoerdnig .
| ENEIAI'MENH(EktviMeoépevn)=involute .




> Al == plot([1-(6 —sin(0)),-1-(1 —cos(0) ), 8=-2-Pi..2-Pi|, scaling = constrained,
gridlines, axes = none, thickness =2, color = blue) :

> A2 = plot([1-(0 +5sin(0)),-1-(3 + cos(0) ), 8 =-Pi ..Pi], scaling = constrained,
gridlines, axes = none, thickness =2, color = green) :

> display(Al, A2, axes = normal, grzdllnes title = "EEEIAIl MENH-\nENEIAI'MENH', titlefont
= larial, 14, bold], labels = | x, z], labelfont = [ arial, 14, bold]) :

EEEIAITMENH-
ENEIAITMENH

ENEIAIT MENH

= -

> A3 := animate(pointplot, [ [1- (0. —sin(a) ), -1-(1 —cos( ) ) |, color = red, symbol
_ = solidcircle, symbolsize=10 ], o.=-Pi..Pi, frames =50, trace = 9) :
> A4 = animate(pointplot, [ [1- (o +sin(ca) ), -1-(3 + cos( ) ) ], color = blue, symbol
| = solidcircle, symbolsize =25 ], o =-Pi..Pi, frames =50, trace = 9) :
> A5 := animate(plot, [[1- (o —sin(a) ) +A- (o + sin(o) — (o —sin(a) ) ),-1-(1
—cos(a)) +A(-1-(3+cos(a))-(-1-(1 —=cos(a)))),A=0..1], color =yellow,
thickness =2 ], o =-Pi..Pi, frames =50, trace =9 ) :

> display(Al, A2, A3, Ad, AS, title
="YABBAX T"'ABPIHAIAHX\nKYKAOEIAEZ-EKKPEMEZ-\nHUY GHENS-
ANIMATION?", titlefont = [ arial, 14, bold ), labels = [ x, z], labelfont = [ arial, 14, bold ],

scaling = unconstrained, axes = normal)




2ABBAXY I'ABPIHAIAHX

KYKAOEIAEX-EKKPEMEZX-
HUYGHENS-ANIMATION

=2~

B with(FileTools)
[AbsolutePath, AtEndOfFile, Basename, Binary, CanonicalPath, Compressed, Copy, Exists, (60)

Extension, Filename, Flush, Hash, IsDirectory, IsExecutable, IsLink, IsLockable,
IsOpen, IsReadable, IsWritable, JoinPath, ListDirectory, Lock, MakeDirectory,




ModificationTime, ParentDirectory, Position, Remove, RemoveDirectory, Rename, Size,
SplitPath, Status, TemporaryDirectory, TemporaryFile, TemporaryFilename, Text,
Unlock]

(> SABBAS := JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES", "BIOTOPOS.jpg"])
SABBAS = "C:\SPGABRIHLIDHS\IMAGES\BIOTOPOS.jpg" (61)

> display(Al, A2, A3, A4, AS, title
="YABBAX T"'ABPIHAIAHZ\nKYKAOEIAEXE-EKKPEMEX-\nHUY GHENS", titlefont
= [arial, 14, bold ), labels = [x, z], labelfont = [ arial, 14, bold], scaling = constrained,
axes = normal, background = SABBAS, gridlines = false, axes = boxed, scaling
= unconstrained)

2ABBAY I'ABPIHAIAHX
KYKAOEIAEX-EKKPEMEZX-
HUYGHENS

> SABBAS2 := JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES",
"LAOKRATHS-GABRIHLIDHS jpg"])
| SABBAS2 := "C:\SPGABRIHLIDHS\IMAGES\LAOKRATHS-GABRIHLIDHS jpg" (62)

> display(Al, A2, A3, A4, A5, title
="AAOKPATHX T'ABPIHAIAHZE\nKYKAOEIAEX-EKKPEMEX-\nHUYGHENS",
titlefont = [ arial, 14, bold), labels = [ x, z], labelfont = [ arial, 14, bold], scaling
= constrained, axes = normal, background = SABBAS2, scaling = unconstrained, gridlines
= false, axes = none)




AAOKPATHX
I'ABPIHAIAHX
KYKAOEIAEX-
EKKPEMEZX-

HUYGHENS

> SABBASI = JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES",
"PRODROMOS-GABRIHLIDHS.jpg"])
| S4BBASI := "C:\SPGABRIHLIDHS\IMAGES\PRODROMOS-GABRIHLIDHS jpg" (63)

> display(Al, A2, A3, A4, A5, title
="TIPOAPOMOZ T"ABPIHAIAHX\nKYKAOEIAEZ-EKKPEMEZ-\nHUYGHENS",
titlefont = [ arial, 14, bold), labels = [ x, z], labelfont = [ arial, 14, bold], scaling
= constrained, axes = normal, background = SABBASI, scaling = unconstrained, gridlines
=false, axes = none)




IMTPOAPOMOX I'ABPIHAIAHX
KYKAOEIAEX-EKKPEMEZX-
HUYGHENS

> SABBAS3 := JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES",
"DHMHTRHS-GABRIHLIDHS.jpg"])
| S4BBAS3 = "C:\SPGABRIHLIDHS\IMAGES\DHMHTRHS-GABRIHLIDHSjpg" (64)

> display(Al, A2, A3, A4, A5, title
="AHMHTPHX T'"ABPIHAIAHX\nKYKAOEIAEZ-EKKPEMEZ-\nHUY GHENS?", titlefont
= [arial, 14, bold ), labels = [ x, z], labelfont = [ arial, 14, bold], scaling = constrained,
axes = normal, background = SABBAS3, scaling = unconstrained, gridlines = false, axes
=none)




AHMHTPHX I'ABPIHAIAHX
KYKAOEIAEX-EKKPEMEZX-

l
\
|

HUYGHENS

s RT s} ¢

A 258

> SABBAS4 := JoinPath(["C:", "SPGABRIHLIDHS", "IMAGES",



"SABBAS-GABRIHLIDHS jpg"])
SABBAS4 = "C:\SPGABRIHLIDHS\IMAGES\SABBAS-GABRIHLIDHS.jpg" (65)

> display(Al, A2, A3, A4, A5, title
="XABBAZ A. TABPIHAIAHX\nK YKAOEIAEX-EKKPEMEX-\nHUY GHENS", titlefont
= larial, 14, bold), labels = [ x, z], labelfont = [ arial, 14, bold ], scaling = constrained,
axes = normal, background = SABBAS4, scaling = unconstrained, gridlines = false, axes
= boxed)




<

2ABBAX A. TABPIHAIAHX
KYKAOEIAEX-EKKPEMEZX-
HUYGHENS




